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ABSTRACT
The standard methods which may be employed to 
determine the elastic energy associated with a dislocation 
loop in an infinite, isotropic medium are reviewed in 
Chapter 1* The equations which are used to obtain the 
energy are presented in simplified forms, and a correction 
term which must be included is given. In Chapter 2, an
expression for the self - energy of a symmetrical loop 
having n sides and arbitrary Burgers vector is derived, 
and errors in the energies given by previous workers are 
discussed.
The energy of a parallelogram « shaped loop with 
arbitrary Burgers vector is determined in Chapter 3* This 
is used to study the variation of energy with orientation 
for a loop on a {ill} glide prism in f.c.c. metals, and 
a similar analysis is presented for a loop on a square 
glide prism. In Chapter 4, a determination of the 
variation of energy with orientation for a loop on a 
circular glide cylinder is described, and the variation 
of energy with shape for elliptical loops having equal 
area is also studied. Comparisons are made throughout
■with the reported observations of circular and 
elliptical loops. In Chapter 5* the elastic energy 
associated with a jog which is perpendicular to an 
infinite straight dislocation line is determined.
Errors in the analyses of earlier workers, and the 
limitations of the present, more rigorous treatment, 
are considered.
The relative merits of the methods for determining 
elastic energies are outlined in Chapter 6. The 
approximations employed here, and their possible effects 
on the results of preceding chapters, are discussed in 
detail. A preliminary study on the elastic energy 
associated with double - faulted dislocation loops is also 
described. Finally, crystallographic angles have been
computed for the metals mercury, bismuth, antimony and 
arsenic. The work is outlined in an appendix, and a 
volume of angles is also submitted.
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GENERAL INTRODUCTION
A great deal of theoretical and experimental 
work has shown how dislocations affect the physical 
and mechanical properties of crystalline materials* 
The features of dislocation configurations, and 
their interactions with each other and additional 
crystalline defects,are often incorporated into 
theories which attempt to describe the properties 
of metals and alloys by dislocation processes. Much 
of the experimental information on which many of 
these processes are based is obtained by 
transmission electron microscopy. This technique 
enables the structural defects in thin 
crystalline foils to be observed, and it is 
unfortunate that the interpretation of the 
information it provides has been, and still is, 
beset by many difficulties. Many of these arise 
in analysing the complex diffraction effects which 
make the defects visible in the microscope*and in 
assessing the influences of the foil surfaces.
12 -
Even when these processes are well understood, the 
configurations observed are often so complicated 
that they result in theories which, through 
necessity, are elaborate and based on approximate 
models. The cases in which observations and 
theories can best be compared are those in 
which the defects are relatively isolated and of 
a simple nature.
Dislocation loops in quenched, irradiated and 
deformed metals and alloys often provide examples for 
this ideal situation. They have comparatively 
short-range stress fields and are thus influenced 
to only a minor extent by neighbouring defects 
and foil surfaces. In addition, they tend to 
take up well-defined shapes and orientations, 
thereby enabling theoretical predictions to be 
compared with experimental observations.
Theories which attempt to give the self-energies 
of dislocation loops provide such predictions 
because, if certain crystallographic restrictions 
are obeyed, the loops may be expected to take up 
minimum energy configurationsf these should be 
closely related to the observed features.
- 13 -
Several standard methods exist for calculating 
the elastic energy of a dislocation loop in an 
isotropic medium of infinite extent, and one aim 
of the work presented in this thesis is to 
compare the relative merits of these procedures and to 
modify them where necessary. This is partly 
achieved by using these methods to determine the 
elastic energies for a number of loops of different 
shape and by ascertaining which methods, in any 
given case, give rise to the least tedious analysis.
It is noteworthy that this part of the work has 
shown that many errors exist in the results obtained 
by previous workers, and that some of these 
incorrect energies are still being widely used.
The elastic energy of a dislocation loop 
in an isotropic continuum may be used, to a first 
approximation, to represent the self-energy of a 
loop in a real material. The advantage of doing 
this is that great simplicity is introduced 
into the methods for determining the energy. 
Limitations may arise from making this approximation, 
of course, because the crystalline nature and
- 14 -
finite size of the specimen are ignored. By- 
applying some of the elastic energy expressions 
which have been obtained to problems of practical 
interest, it has been possible to compare
predictions of the theory with experimental observations. 
This has enabled some of the advantages and 
disadvantages of using loop energies derived by 
isotropic elasticity theory to be determined, and, 
in the light of the conclusions, to make further 
predictions where possible.
It is well known that the procedures for evaluating 
the elastic energy of dislocation loops may be used to 
study the energy of certain other dislocation 
configurations. In one case, two groups of workers 
have independently treated the jog on a dislocation 
line by the standard loop - energy methods. Their 
results are not in agreement with each other, and in 
addition, the elastic energy values they predict 
for short jogs are unreasonable. The problem 
has been re-examined, and the new energy values to 
be presented here can be compared with those 
expected in practice.
- 15 -
Finally, crystallographic angles have been 
computed for the metals whose structures: may be
referred to rhombohedral lattices, namely 
mercury, bismuth, antimony and arsenic. The 
aim of this project was to provide a comprehensive 
set of tables for the use of the members of the Metal 
Physics Group at Battersea who are investigating 
certain properties of crystalline mercury. A 
summary of this work is presented in an appendix of 
this thesis.
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CHAPTER 1
DISLOCATION LOOPS AND METHODS FOR CALCULATING THEIR
ENERGIES.
1*1 Introduc tion.
The processes by which dislocation loops 
are formed in quenched, irradiated and deformed 
metals and alloys are briefly reviewed in ^1.2, 
and in the following section the nature of the 
energy associated with dislocations in crystalline 
materials is described. In *-1.4t a review of the 
elementary elasticity theory which is required for 
an understanding of the methods used in this thesis 
is given, and a general expression for the elastic 
energy associated with a dislocation configuration 
in a continuum is derived in § 1.5* The standard 
methods for evaluating dislocation loop energies 
are reviewed and presented in simplified form in 
§1.6. An expression for the contribution to 
the energy due to the work done by the tractions on 
the dislocation core surface, which has been
- 17 ~
neglected by many earlier workers, is also given 
in this section. Two modifications of 
the standard methods for calculating energies 
which have recently been put forward are 
described in §1.7*
- 18 -
1*2. Formation of Dislocation loops.
Dislocation loops may be produced in metals, 
alloys and other materials as a result of quenching, 
irradiation, or plastic deformation. Some of the 
mechanisms involved in these processes are briefly 
reviewed below. The descriptions, which are by 
no means exhaustive, are also intended to indicate 
the wealth of experimental information which has 
been accumulated in recent years on the form loops 
take in various materials. However, in order to 
avoid listing numerous research papers, references 
are made to books and review papers wherever possible. 
In particular, ma#y reported observations of
(1)dislocation loops have been reviewed by Amelinckx .
1.2.1. Quenching.
The concentration of point defects, both 
vacancies and interstitials, in thermodynamical 
equilibrium in a metal increases with temperature. 
Thus, if a metal is heated and then rapidly cooled, 
a concentration of point defects in excess of the 
equilibrium value for the final temperature is 
produced. This may be dispersed by diffusion
- 19 -
of the defects to dislocations, surfaces, and
grain boundaries, or by agglomeration of the
defects, possibly into dislocation loops. The
mechanisms by which loops form as a result of the
(2 )excess concentration is not yet certain • It
is probable, however, that initially a few
vacancies cluster to form a small volume defect
which can then grow by the diffusion of more
vacancies. When the defect becomes large it may
collapse to form a dislocation loop ; the
transformation may occur because it is energetically
favourable, or because it is induced by thermal or
mechanical stresses. The loop thus formed may
continue to grow, and in some cases change shape, by
the diffusion of more vacancies. Many observations 
(1 ) (2 )have been made of loops in quenched face -
centred cubic metals and alloys, hexagonal metals,
graphite and diamond. In addition, dislocation
loops have recently been reported in molybdenum,
(3)a body - centred cubic metal . Rows of 
dislocation loops are also produced in quenched 
metals and alloys by a mechanism known as 
1 prismatic punching*, in which prismatic loops 
are formed as a result of high stresses set up 
around precipitate and oxide particles during 
the quench ^  \
20
1.2.2, Irradiation.
Dislocation loops are produced in many materials 
by irradiation with heavy particles. The vacancies 
and interstitials necessary for the formation of such 
loops are produced by the primary atoms, initially 
ejected from their crystal sites by the irradiating 
particles, colliding with many other atoms and 
displacing them, thus forming vacancy - interstitial
(4)pairs . Localized regions of damage, known as
Brinkman displacement spikes, are thus produced,
each of which consists of a central core of vacancies
surrounded by its associated interstitials. If the
point defects are mobile, recombination of vacancies
and interstitials can occur, and the majority of
defects will be annihilated. However, sufficient
numbers may remain to form clusters and eventually
(4)dislocation loops , Both vacancy and
interstitial loops have been observed in irradiated
(1)face - centred cubic metals , but only
interstitial loops have been observed in irradiated
body - centred cubic metals. This probably reflects
the low mobility of vacancies in the body - centred
(4 )(5)cubic structure . Dislocation loops have been
- 21
observed in many other irradiated materials,
(6) (1) including a - uranium , hexagonal metals
(1)and graphite .
1.2.3* Deformation.
Dislocation loops are produced during plastic
deformation by many mechanisms, some of which may
involve complicated dislocation reactions. The
following three processes, however, probably occur
during the formation of many of the loops which have
been observed in deformed materials. First* the •
increase in hardness and electrical resistivity
during cold work at low temperatures indicates that
point defects have been produced, and mechanisms
( 7 )have been proposed to explain this process 
Dislocation loops may therefore be precipitated 
during subsequent annealing. Secondly, the excess 
concentration of vacancies or interstitials 
produced as a result of quenching, irradiation, 
or plastic deformation may be eliminated by diffusion 
of the defects to existing dislocations, as well as 
by diffusion to surfaces and grain boundaries,and
22 *’
the precipitation of volume defects and loops.
Defects diffusing to a screw dislocation produce 
(1)a helix , and subsequent deformation may
result in rows of dislocation loops by parts of
the helix gliding back on itself, or by the
interaction of a screw dislocation of opposite
(1)sign with the helix . Finally, two long
parallel dislocations of opposite sign, joined at
one end and separated from each other by a short
distance form a dislocation configuration known as
a dipole. Dipoles are commonly observed in
(1)deformed materials and may be formed by the
trailing of a large jog on a screw dislocation
(l) (7)^ it is probable that the open ends of
dipoles can close by some form of cross—slip
mechanism or by local diffusion of point defects 
( 1. ) ( 7 ), resulting in the large, elongated
(1)dislocation loops which are observed .
- 23 -
1.3* The Nature of the Strain Energy of a 
Dislocation Line.
As indicated in the previous section,
dislocation loops are among the most common defects
observed by electron microscopy in metals, alloys and
other materials. They tend to have well defined
( 2 )geometric shapes and orientations , and the 
energy of these defects is thus of considerable 
interest. We now briefly consider the assumptions 
to be made in this thesis in order that the energy may 
be determined in a convenient way.
The energy associated with a dislocation arises
from the strain which it produces in the surrounding
crystal, and a rigorous determination of this energy
would have to take into consideration the crystalline
nature of the medium. However, a good estimate
of the energy may be obtained by considering the
crystal to be an elastic continuum, and recent 
( 8 ) ( 9 )work indicates that this is a good
approximation except in the region of bad atomic 
misfit at the centre of the dislocation which is
-  2k
known as the dislocation core. The total energy of a
dislocation may thus be determined in two parts,
(10 )namely the energy of the core region and the
energy of the elastic continuum. For most dislocation 
configurations the core energy is estimated to be
,, . . . ... , . . (7 )(io)(ll)small m  comparison with the elastic energy ,
and has not yet been determined rigourously.
The work presented in this thesis is concerned only 
with the elastic energy.
If the size of the dislocation core is chosen so
that the strains outside this region do not contravene
Hookefs law, then the elastic strain energy of the
dislocation may be determined by linear elasticity
theory. The effects of anisotropy and finite
boundaries may still be incorporated into the theory
in order to maintain correspondence with dislocations
(12)(13)in real materials J . The influences of
anisotropy are small for many crystals, however, and
finite crystal size can be neglected for loops of the
(13 )dimensions treated in this thesis . Therefore,
since the analysis for determining the elastic energy 
of a dislocation is considerably Amplified by ignoring 
these features, it will be assumed throughout that 
unless otherwise stated the elastic continuum is 
isotropic and of infinite extent.
- 25 -
X.4t. Elasticity Theory.
Before describing the methods used for 
determining the elastic energy of a dislocation, 
we shall introduce the notation to be used by 
giving a brief resume of elementary elasticity 
theory. Unless otherwise stated, orthogonal 
Cartesian axes (x ^ jX^jX^) will be used. These 
may sometimes be written as (x,y,aO for typographical 
convenience.
The components of the s-fest&a tensor will be
denoted by p . .. This is the force in the i
direction acting on the surface j » constant of an
elastic body. p . . is called a shear stress
ij
component if i 4 j» and a normal component
if i = j. If the body is subjected to a force with
components f. per unit volume, the conditions 
for translational equilibrium may be written in 
the form
P4i . + f. * 0 (i,j s 1,2,3) ..... (1.1)
•*- J j j
We have here used the notation that repeated 
suffices imply summation, and that the comma
- 26 -
indicates partial differentiation. Equation (1.1) 
is thus a shortened form of three equations, one 
of which may be written:
3pll 3p12 3p13-. . —  +  "a*.- - - * +  "A +  f , 3  0  ♦ ■8X3 dx^ 1
The condition that the body be in rotational 
equilibrium is fulfilled if
p , , s p ,, i ••••• (1.2)13 . 31■
The tensor p ^  is therefore symmetric and has only 
six unknown components. However, these cannot 
be determined from equations (1.1 ) alone, and the 
internal deformation of the body must be considered.
We denote the components of the displacement
e
(14),
in the material by u^. The components of th
strain tensor can then be defined as follows
e. • « ■§' (u. . + u .  .). ..... (1«3)3-J & x » 3 3*3.
The strain tensor is symmetric, and so the six
components must be inter -* related since they are 
completely determined by the three displacement 
functions. The relation between the strains is given
by the 'compatibility equations*
e . . , n + e, a , , ** g .  ^ e« • • n — 0 • . « • • . (l«4)xj,ki ki.,xj xi,kj kj,x^
These six equations may be verified from equation (i.3) 
and noting that the right-hand side of the equation 
vanishes if the displacement function is continuous 
and three times differentiable. That is :
u i , j k i = u i,/kj •...................... .....  (1,5)
In the linear elasticity theory the relations
between stress and strain are given by the generalized
Hooke's law of proportionality. Hence the 
nomenclature 'linear*. The relations for a general 
(anisotropic) body are :
pij = cidk^ ek<r.................. ....  (1*6)
These relations may break down when the elastic 
strains become too large, e.g., in the region of a 
dislocation core. is a fourth order tensor
with 8l components but they are not all different,
for it follows from the symmetry of p. . and e. . that :1 J 1 J
- 28 ~
Tfco number of distinct components for crystalline 
materials is reduced even furtherj even for a crystal 
with the lowest symmetry (triclinic) c±jj££ has only 
21 distinct components.
It follows from equations (1,3)1 (1.8) and (1,7) 
that :
^ij “ °ijki Uk,i f ....  (1.8)
so that the equilibrium conditions (1,1) may also be 
written as :
c .... u. f. 5=0. ..... (1.9)xjki k,^j x
For the case of an isotropic material it may be
shown that the elastic constants reduce to two
(14)
independent constants . If we introduce
the lame constant X and the modulus of rigidity ya9
the elastic constants may be written :
cijki = x 6xj 5k.e + A ^ i k  6ji + 5i^ 5jk)>
  (1.10)
where 6.. a 1 , i s j
xj
~ 0 , i ^ j
29 -
From equations (1.6) and (1.10), Hooke*s law now 
reduces to :
for isotropic theory. It is convenient here to. 
introduce Poisson* s ratio V. This is an elastic 
constant defined to be the ratio of laterali 
contraction to longitudinal extension of a body 
under the stress of one normal stress component, 
and by setting all other stress components equal to 
zero in equation (I.11) it may be shown that :
(1*11)
(1.12)
30 -
1.5. The Elastic Energy of a Dislocation.
Before deriving a general expression for the 
elastic energy of a dislocation we shall consider first 
how a dislocation may be created in an elastic medium. 
The material is cut along a surface which terminates 
at a line which we wish to become the position of the 
dislocation line. The dislocation is then formed by 
giving one face of the cut surface an arbitrary 
displacement h relative to the other face, and 
rejoining the two faces in their displaced position
(I5)(l6)^ if Ij is not parallel to the surface of 
the cut it will be necessary either to add a thin 
slice of material to the cut or to remove one when 
the displacement is completed. The displacement b 
is known as the Burgers vector of the dislocation and 
it may have any orientation relative to the line•
The sign of the Burgers vector may be uniquely 
assigned by the Bilby R.H./F.S. rule ^. It 
should be noted that the cut used to generate the 
dislocation is quite arbitrary in the sense that the 
final physical state of the material depends only
- 31 -
on the configuration of the dislocation line and
the Burgers vector. The distribution of
displacements and strains would be the same for a
dislocation created by any cut having the original
(15)line as its internal boundary •
The dislocation core, inside which the relation 
between stress and strain is no longer linear, may be 
taken to be a cylinder of radius 6, say, having the 
original line boundary of the cut as its axis.
Strains greater than a certain limit, approximately 
equal to 0*1, exceed the limits of linear 
elasticity, so that 6 may be estimated once the strain 
field of the dislocation is known. It may be shown 
that 6 lies between b and 2b, where b is the 
magnitude of b
The elastic strain energy per unit volume of a 
body in a state of strain is
w = I P u  ex r  ••••• (1-13)
The total strain energy E of the body is then given 
by the integral of ¥ over the volume V of the
32
material, so that :
E 12
where the element of volume dV = dx_ dx0 dx_. If the
E represents the elastic self — energy of the 
dislocation, where the volume V does not include 
the core region of the dislocation. Once the 
stress and strain fields have been determined, 
equation (1.14) may be used directly to determine 
the self-energy of the dislocation (see for example 
reference (-*-9)) . this procedure gives rise to a
very tedious analysis however.
The elastic energy may be more conveniently 
determined by transforming the integral over a 
volume in equation (1.14) to an integral over a 
surface. To do this we rewrite equation (1.14), 
using equations (1.7) and (1.8), as :
1 2 3
T- body contains a dislocation which produces the stress
and strain fields p.. . and e . . respectively, then
J I J
~ 33 -
E
3fhen no body forces are present £\ defined in §1*^ 
is zero, and equation (l.l) becomes :
so that
E = ~r f (p. . u. ) . dV.2 ] *xj x ,j
Using the divegence theorem the elastic energy may 
now be written :
where S is the surface bounding the volume V, and the 
outward element of surface dS has components dS^,
Equation (1.15) is particularly convenient to 
use for determining the elastic energy of a dislocation, 
since we may take the surface S to be the surface of
(1.15)
— 3% "•
the arbitrary cut which is used to generate the
dislocation. It should be noted, however, that
since S is the surface bounding the volume V of
equation (1.1%), it must also include the surface
( 20 )of the dislocation core ; the surface would not
otherwise be closed at the dislocation. This 
contribution to the energy has been overlooked by 
many workers as will be shown in the following 
sections. For a finite medium,S would also have 
to include the outer surface if it were not traction 
free. Equation (1,15) expresses the self-energy 
of a dislocation in terms of the work done by the 
tractions on the combined surface S of both the 
cut and the core in producing the displacements u^ 
associated with the dislocation , The major con­
tribution to E arises from the cut across which the 
relative displacement is the Burgers vector b with 
components b.,
35 -
1,6, The Determination of Dislocation Loop Energies.
1.6.1, Introduction.
The elastic self* - energy of* an isolated
dislocation loop in an infinite isotropic medium may be
most conveniently determined using a variant of one
( 21)of the two standard procedures due to Toffe (based
(22) (23) on the general analysis of Burgers " )and KrBner
respectively;, As pointed out by Bullough and Foreman
however, neither of these methods gives the
total elastic energy as both ignore the contribution
arising from the tractions on the surface of the
dislocation core. In the following sections the
methods of Yoffe and Krdner are reviewed, and the
equations used for determining loop energies
presented in simplified forms. The correction
term of Bullough and Foreman is also given.
Finally, variants of these standard procedures
which have recently been published in the literature
are briefly described.
1.6.2. The Method of Yoffe.
(21)In the procedure of Yoffe for determining
the elastic energy of a dislocation, the contribution
- 36 -
of the work done by the tractions on the core 
surface is ignored. Using equation (1.15)j the 
Yoffe estimate of the elastic energy of a 
dislocation, which we shall label N, is given by :
. b^ d S ? .   (1.16)
-'.±3 2- J
N *>S
The cut surface is taken to be planar, and we here 
choose orthogonal cartesian axes with the z - axis 
perpendicular to this cut, so that :
fn  I
EY = 2
^  N , N N .N N , N V  , N , Nb + p b + p b ) dx dy . xz x yz y zz z '
  (1.17)
where the integral is taken over the plane of the cut.
(21)Yoffe shows that the energy E of an
*
n-sided polygonal loop may be conveniently evaluated 
by considering the loop to be constructed from a set 
of n angular dislocations, each of which consists 
of two semi - infinite straight arms meeting at a 
point. An angular dislocation of angle is shown 
in bold lines in Irig. 1.1 , and the method of 
constructing a polygonal loop from angular dislocations 
is illustrated for the case of a triangular loop in
( 22 )Fig. 1,2. Burgers derived explicit expressions
for the components of displacement caused by an
arbitrary dislocation in an infinite, isotropic
( 21)medium, and Yoffe uses his method to determine
the displacements associated with an angular
dislocation. The stresses may readily be obtained
from these by using equations (1.3) and (l.ll) ;
Yoffe has determined a selection of the stresses,
( 24 )and Hokanson has given them in full. However,
for the N th angular dislocation used in forming a 
polygonal loop the only stresses required in the
application of equation (1.17) are
N N N Np , p , and p in the plane z = 0 ,  Referred 
xjb yz zz
N N Nto the orthogonal axes x , y , z defined xn 
Fig. 1,1 they may be written :
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where AN = 2 £(rN - yN ) cot (g^ /2) - xN J
-1
nN „N i N N B as D (y - r cos
«N _N / N H . Jt \ C = D (x - r s m  $T )
DN = v sin / [ r N (rN - xN sin /  - yN cos /»)]'
K = yu / 4lt (1-v) J (rN ) U  (xN ) + (yN )
yu as shear modulus ,* V = Poisson's ratio.
Substituting from (1.18), (1.19) and (1.20) into 
equation (1.17) we now obtain
*![ = (K/2) { [b2 - .(bj) ] fb» dxN dyN
* [(b»)2 - ( b ; ) 2] J j B V a y» - 2 b » b » j | c » d x V } .
  (1.21)
. $W©^ v\
Equation (1.21) may now be to determine the
energy contribution of each angular dislocation from
U»Wvk
which the loop is constructed, and finally E ,[the
*
Yoffe estimate of the total energy of the loop,
a
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obtained by summing these component terms.
The integrals of (1.21) are in each case taken over 
the interior plane surface defined by the loop, 
leaving a gap equal to 6, the radius of the 
y  dislocation core, at the perimeter ; the energy 
will therefore contain 6 as a parameter. Care
must be taken to choose the correct origin and
set of axes for each angular dislocation.
The standard Yoffe treatment makes use of a 
planar cut over the surface inside the loop, and it 
will be referred to as the * inner-planar cut* procedure.
Angular dislocations may also be used to 
determine loop energies by the 1 outer-planar cut1 
method, in which the cut is made in the plane of the 
loop from infinity up to the loop perimeter. Cases 
in which the cut is made on a prismatic surface from
infinity up to the position of the loop may also be
treated by using angular dislocations; an example of 
a square loop formed in this way from eight angular 
dislocations is shown in fig. 1.3* This type of cut
- ' (t 0 -
will be referred to as a ‘normal cut* when the 
prism axis is perpendicular to the plane of the 
loop, and as a 1 b - cut* when the axis is parallel 
to the Burgers vector* It should also be noted 
that the elastic self energies of dislocation
-j* . ■
loops may be determined directly from the analysis 
( 22 )of Burgers without making use of angular
( 25 )dislocations . Xn comparison with the standard
1 inner-* planar cut1 method however, these alternative 
procedures give rise to long and tedious analyses.
1.6.3* The Method of KrBner.
( 23)KrBner has developed a method for
determining the elastic interaction energy between
two arbitrary dislocations, which may foe used to ofotain
the elastic self - energy of a dislocation loop
( T C ^
(see also review article by de ¥it ). The
relation between the two energies may foe deduced as 
follows. The interaction energy between two
/1 c\
arbitrary dislocation lines is given by
Ex = f Pxj eij dv .....(1.22)
♦fv
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where p. . is the stress field of one dislocation 
and e.. the strain field of the other, and V 
is the volume of the continuum. If the two
dislocations have the same shape and Burgers vector, 
and are very close together, then comparison of 
equations (1.14) and (1.22) indicates that 
their interaction energy is twice the self - energy 
of one of them. This relationship was assumed by 
Krdner i and de Wit but is not, in fact,
exact. At the end of this section the true 
relationship will be derived, but first we shall 
describe the procedure by which the Krdner estimate 
of the energy of a dislocation loop may be obtained.
The two loops whose interaction energy is to be 
determined are assumed to be a small distance t 
apart, and their relative positions are most conven** 
iently related in one of three ways. They may be 
concentric and coplanar, separated by a vector 
parallel to 1>, or separated by a distance t normal 
to their planes, as shown for the case of a 
rectangular loop in Fig. 1.4 (a) - (c). In each 
configuration the loops define a surface
- 42 -
corresponding to the cut used to generate the 
dislocation, so that the three methods of* determining 
ET will be referred to as the 1 planar cut', the 
*b - cut1, and the ’normal cut’ procedures 
^ respectively* A set of orthogonal cartesian axes 
^ has to be chosen in order to apply the Krdner
equations, and the sets which lead to the simplest 
analyses have one of the axes either parallel to b 
or normal to the loop plane*/ Xn all cases the 
KrBner estimate of the self — energy E^ . is expressed 
as a double line integral around the two loops.
If the z - axis is set parallel to the Burgers
„ ( 20 ) vector, is given by
l-U+v)!*"1 &l'z + [r2 + (z-z*)2 ]
C c»
t" JR J ' A t  . di./, ..... (1.23)
o t
where Q =s yub /Btc(I-v), d£. and dL are line elements
t
of the two similar loops C and C , and R is the 
distance between points (x,y,z) on C and
. f i t *
vx ,y ,z ) on C . This general equation does 
not simplify for any of the loop configurations
described above.
On taking the z-axis normal to the plane of 
the loop, the Krttner estimate for the self-energy 
may be resolved into component terms corresponding 
to the independent components of the Burgers vector. 
Thus, for the pure edge loop, with b parallel to the 
z-axis, we obtain :
I* 2 *w
|R2 + (z-z*) JET'5 {6l 6.1 + 61 di.* )t *■ - x x v y
(1.24)dC *
x y
C*
This is, of course, a special case of equation (1.23)*
In the case of the slip loop with b = jb ,b ,o Ix y
the energy may be shown to be the sum of four terms 
obtained on putting (p,q) equal to (x,x),(y,y),
(x,y) and (y,x) respectively in the following equation
where 6 is unity if p = q and otherwise is zero,pq
The two energy terras obtained on letting (p,q) equal 
(x,y) and (y,x) are clearly identical. Equation (1.24) 
simplifies considerably for the planar cut configuration 
to become :
e= Q
C
R""1 (dZ. dI * + dl dl * ), x x y y
C*   (1.26)
but no siraplication occurs in (1.25) for any of the 
cuts. All the energy estimates obtained by the 
KrBner procedure contain t as a parameter.
Confusion has existed concerning the value to be
given to the separation t of the procedure described by
Kroner and also by de Franz and K r d n e r ^ ^  ,
for example, state that t corresponds to the diameter
(16 )
of the dislocation core, whereas de Wit asserts
that it is similar to the core radius 6. It is now
clear, however, that t must be put equal to 6, This
( 20 )was noted by Bullough and Foreman who compared the
Yoffe and KrBner energy estimates obtained by using the 
planar-cut model for a dislocation loop of rhombus shape. 
As described in later chapters, a variety of loops of 
different shape have been treated by both the
i±3
Yoffe and KrBner procedures using the same cut 
configuration, and in every case the resulting energies 
have been found to be equal on putting t » 6. It 
w<puld thus appear that this result is general, and
"J ' . . . .
indeed an analytic proof has recently been provided by
Bullough # xt makes use of Cottrell* s
derivation of the interaction energy between two
dislocations, in which the interaction energy is given
by the work required to create one dislocation in the
stress field of the other. Thus, the formation energy
of a dislocation in the stress field p. . of another is :
ij
ET =. f p. . dS . ..... (1.27)I I i J i 3
vc
where dS^ . are the components of element dS of the 
surface S, which is the cut surface of the dislocation 
being created, and u^ are the displacements on the cut 
surface S. Clearly,u^ are the components of the 
Burgers vector Jb of the new dislocation. If the two 
dislocations have the same shape and Burgers vector, 
and are distance 6 apart, then comparison of equations
(1,15) and (1.27) shows that the self - energy of one 
dislocation is one - half the interaction energy plus 
the work done by the tractions on the core surface.
- 46
We may thus write for the self - energy :
E = -| E_ + Ec   (1.28)
Cfp ' ’
wiiere is the contribution from the core-surface
(23)tractions. As was stated above, XriJner ^ asserted 
that for a small separation :
This relationship is now seen to be true only when a 0, 
that is when the dislocation is hollow with a traction-* 
free core surface,
1,6,4. The Work Done by the Core Surface Tractions,
It has been shown in the previous two sections 
that both the Yoffe and Krfiner estimates for the self- 
energy of a dislocation loop are identical for a given 
loop and cutting procedure, provided the separation 
parameter t of the KrBuer method is put equal to 6.
In addition, equations (l.l6) and (1.28) show that 
the energy thus obtained is in error since both methods 
ignore the work done by the tractions on the surface of 
the dislocation core. This was first pointed out by 
Bullough and Foreman who also stressed the
« 47 -
importance of this contribution to the total elastic 
energy. They give the following relation for the 
core traction correction per unit length of a straight 
iiifinite dislocation line :
A E C = [ u  b2 / I67t(l-V)2]{l~2(l-V) cos 2(3 j , .....(1.29)
where (3 is the angle between the plane of the cut and
the edge component b^ of the Burgers vector. This
( 20 )equation may be obtained from equation (1.15) using
the expressions for the stresses and displacements of a
/ \ / gy \
straight dislocation given by Cottrell and Read
respectively. For a screw dislocation, the core
(11)surface is stress free and is zero. It should
be noted that an exact estimate of the contribution of the 
core tractions to the total elastic energy of a 
dislocation loop would have to be obtained by considering 
the corners in the core. Equation (1.29) As however 
valid to a first approximation for loops, since its 
contribution to the total energy is highly localized 
at the dislocation The effects of this
approximation will be discussed more fully in Chapter 6.
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It may be seen from equation (1.29) that even 
though the tractions on the core surface are independent 
of the location of the cut, the work done by the 
tractions, E^, is not; similarly, the elastic energy 
arising from the cut surfaces, Ey or E^ ., depends on the 
location of the cut. The total elastic energy E, which 
is the sum of Ey and E^, or E^ and E^,is, of course, 
independent of the cut configuration.
rx - .
1.7* Two Modifications of the Standard Methods.
1*7*1. Introduction.
Two variants of the standard Yoffe and Krdner 
procedures for evaluating the elastic energies of 
dislocation loops have recently been published in the 
literature. They are briefly reviewed in this section.
A *7»2. The Method due to Li
The simplicity of the Yoffe procedure for 
determining the energy of a polygonal dislocation loop 
arises from using angular dislocations to construct the 
loop and then calculating the stress field, and thus the
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energy contribution, of each angular dislocation 
in turn* This method results in a much less
( 25 )tedious analysis than that described by Nabarro ,
( 22 )who uses the analysis of Burgers to obtain the
' -
stress field of the complete loop* A set of straight
dislocation line segments of finite length would,
however, be even more suitable for constructing a
( 21)polygonal loop* This was noted by Yoffe who,
in addition, stated that it would not be possible to 
calculate the stress field of such an element since a 
dislocation line can neither begin nor end in the 
interior of a medium. L i ^ ^ ,  however, has derived 
expressions which represent the stress field of a 
finite straight line segment. He shows that even 
though the field does not obey the equilibrium 
equations of elasticity (equation (l.l)), that of any 
network which is constructed from a set of finite 
segments does obey these equations. The elastic 
energy of a dislocation loop may thus be determined 
by the method described in § 1*6,2, with angular 
dislocations replaced by finite dislocation elements.
I^C28) obtained the stress field by noting that 
the terms in the expression for the field of an
( 21)angular dislocation, as given by Yoffe and in
( 24)full by Hokanson , are separable in the sense that
the same stress field is produced by each semi - infinite 
arm when expressed in its own coordinates. He obtained 
the stress field of a semi — infinite dislocation, and 
showed that a body force must be applied to maintain 
the equilibrium of an elastic medium containing the
>■
dislocation. He further showed, however, that since the 
force is independent of the direction of the dislocation 
and depends only on its Burgers vector, any other semi— 
infinite line with opposite Burgers vector terminating 
at the same origin will cancel this force. Semi - 
infinite dislocations may thus be used for any loop or 
network which can be constructed from angular 
dislocations, since the stress field of the whole 
configuration will obey the equilibrium equations.
A finite dislocation segment, which we shall label
N, of length h and referred to a set of Cartesian 
N N Naxes x , y , z , is shown in fig.1.5* The 
contribution of a finite dislocation to the energy of
a polygonal loop may be determined by using equation (1.17)
N N Nwhere the stresses p , p , and p in the planerxz yz zz
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z ss 0 will be those of the finite segment* These
stresses are obtained from Li*s expressions by adding
the field of one semi - infinite dislocation along the 
Npositive y -axis from the origin, to that of a parallel 
one of opposite sign starting at the point (o,h,o).
They may be summarized as:
p” z = K SN b*   (1.30)
p“z = K [(l-v) SN b” - V t n  b* ]   (1.31)
pN a K SN bN ..... (1.32)rzz Z
N N where S a x ^1 / r(o) £r(o)-y^ ] - 
1 ^ r ( h) £r(h) - (yN-h)~f|
TN = [l / r(o) - 1 / r(h)],
[r(o)] 2 = [(xN ) \  (yN )2] ; [r(h)]2a [(xN )2+ (yN-h)2 ]
K = m  / kit (1-v).
Substituting from (1.30)i (1.31) and (1,32) into (1.17)
- 52
we now obtain :
(K/2) | [b2 - V (b“ )2] ||
(1.33)
The total elastic energy of a loop may now be evaluated 
by adding the cote-traction correction, obtained from
(l,29)i to the sum of the energy contributions of the 
finite segments from which the loop is constructed, 
the contribution in each case being determined from
A comparison of equations (l.2l) and (1*33) shows 
that the three integrals of (1,21) are reduced to two in
much simpler in form* This indicates that the use of 
finite dislocation segments for evaluating the energy of 
a loop results in a shorter analysis than that of the 
standard Yoffe treatment, which uses angular dislocations. 
This has, in fact, been found to be so in all the cases 
in which loop energies have been determined by both 
procedures* In particular, the analysis for the 
evaluation of the energy of a symmetric polygonal loop
(1.33)
(1.33)) and, in addition, the integrands in (1.33) are
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with n sides, which will be described in Chapter 2 , 
is greatly simplified by using finite elements,
1,7*3* The Method of J^ssang et al,
1 ( 29 )^  J/ssang et al, have recently put forward a
procedure for determining the elastic energy of any
dislocation configuration which can be constructed from
straight dislocation segments. It may therefore be used
for polygonal dislocation loops. In this method the
total elastic energy of the dislocation configuration is
evalxiated by adding the sum of the self - energies
of the straight segments to the sum of the interaction
energies between the segments. In order that this may
be conveniently carried out for any configuration,
( 29 )J^ssang et al. give expressions for the self­
energy of a segment and for the interaction energy of 
two straight segments with arbitrary orientation and 
Burgers vectors in an isotropic continuum. The 
expressions are derived from the general formula for 
the interaction energy of two arbitrary dislocation 
lines obtained by Blin (it is also given by
de Wit ), Unfortunately, J§/ssang et al.
ignore the work done by the tractions on the surface 
of the dislocation core and do not state which cutting
procedure is employed, In addition, the analysis in 
their published account cannot be readily followed due to 
its condensed nature and numerous mis—prints•
dp
A dislocation loop having the shape of an
equilateral triangle is the only case which the author
has treated by this procedure, A comparison of the
result obtained with a similar one derived by the other
methods described in this Chapter indicated that 
( 29 )J/ssang et al, used the normal — cut procedure.
(An analytic expression for the energy of a triangular loop 
is presented in Chapter 2 ). It is noteworthy that due 
to the complicated nature of the equations for the 
interaction energy of two segments given by J^ssang 
et a l . , ^ ^  the analysis necessary for the evaluation 
of the energy of a triangular loop by their method was 
longer than that which arises by using the Li method
t r
( § 1,7,2) for the same loop. This indicates that 
there is nothing to be gained by using their procedure 
for polygonal loops having relatively few sides. It may 
well be, however, that it would have advantages for 
the treatment of more complicated dislocation 
configurations.
- 55 -
n
N
FIGURE 1.1.
The axes used to define the angular dislocation 
N, shown in bold lines.
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FIGURE 1.2
Formation of a triangular dislocation loop 
from three angular dislocations (planar cut).
57
■u/
FIGURE 1.3
i
Formation of a square dislocation loop j
from!eight angular dislocations (normal cut). |
(a)
(b)
9
(c)
FIGURE 1.4
Pairs of* rectangular" dislocation loops used, 
in "the Krdner method to define (a), the planar cut, 
(b) the b-cut, (c) the normal cut.
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N
A
h
xN
FIGURE 1.5
The axes used to define the finite dislocation 
segment N, shown in bold lines.
CHAPTER 2
THE ELASTIC ENERGIES OF SYMMETRICAL DISLOCATION LOOPS,
6t2.1, Introduction.
Expressions for the elastic self - energies of 
dislocation loops having regular, symmetric shapes 
are presented in this chapter* These are of 
interest because the loops most frequently observed
c
and analysed in quenched and irradiated materials are 
symmetrical in shape, or, at least, very nearly so.
In addition, energy calculations by previous workers 
have commonly been on loops of this type. The energy 
of a regular polygonal loop having n sides (n « 1,2,3*••) 
and arbitrary Burgers vector is derived in the following 
section, and the relationships between the energies of 
different loops are noted. In | 2.3 j the energy expressions 
for loops with the shape of an equilateral triangle, a 
square, a regular hexagon and a circle, which are, of 
course, special cases of the n-sided loop, are discussed 
in more detail. The expressions given by previous 
workers for these loops are also considered. The results 
of the chapter are discussed in § 2,4, and a comparison
- 6l
is made with energy expressions which are obtained 
by an approximate procedure.
2.2, The n-sided Symmetrical Dislocation Loop.
6?
The elastic strain energy of a regular polygonal 
dislocation loop having n sides and arbitrary Burgers 
vector has been derived by using the procedure due to 
L^(28)^  This method, which was described in §1.7.2, 
is a variant of the Yoffe procedure, and has been found
c
to give rise to a much simpler analysis than either of 
the standard methods due Yoffe and Krttner respectively.
Part of an n~sided symmetrical loop is shown in
Fig.2.1. It is formed by a set of n finite dislocation
segments (I,II,.....,n), each of length h, and has
Burgers vector b with components b^, b and relative
to the reference axes x., y and z shown in the figure.
Adjacent segments are at an angle a to each other, so
that a rs 2ft/n. In order to evaluate E , the Yoffe
estimate of the energy, equation (1.33) must be applied
to each segment in turn and the resulting component
energies E^ (N « I , I I n )  added. From (1.33)*
Y
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E is thus given by : 
T
E t M K / 2 ) 2  j[b2-v<b*)2}JJsN cbcN dyN
1 1 X N dxN dyN )   (2.1)
t
N-T N N - V b biN x y
The integrals in this equation are taken over the plane 
of the loop, except for the dislocation core region.
Due to the symmetry of the loop, the integrals are
the same for all segments, and are constant with respect
to the summation, so that we may write :
E ^ =  (K/2)i|JsN dxN dyN ^ f b ^ v C b y ) 2]
* n
ff^N . N . N T* N . N 1  to n\ JJT dx dy £—* b^ | ....(2.2)- V
I
How from Fig, 2.2 it may be seen that for the Nth 
segment,
Nb = (b cos N a + b sin N a), and x x y
b =: (—b sin N a + b cos N a), 
y x y
so that, using the identities
m
5^ sin 2 r A a sin (ra+X) A sin $A / sin A 
r=l
,...*(2.3)m
rn Dv m
and /  „ cos 2 r A s cos ($+1) A sin $A / sin A, 
r=l
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and noting that na = 2%, we may write: 
2n
T  (b^) = |  (b 2 + b 2 )   (2.%)y 2 x y
; N=I
n
2  bx by = 0   (2'5>
N=I
Hence, the Yoffe estimate of the energy is :
E_ ss (K/2) n (b2-V (b2-bz2 ) / 2]JJsW dxN dyN ... (2.6)
r
It will be noted that the integral in (2.6), which
is for any one of the segments of the loop, does not
include the Burgers vector, and that it is the one which
occurs in the energy expression for a loop with edge
orientation, b s? [o, o, The integral is
conveniently evaluated for finite segment I of Fig, 2.1#, 
N Nso that x = x and y » y. The integral is to be taken 
over the interior plane surface of the loop, except for 
a region of width 6 at the perimeter, and, for this 
purpose, the loop may be divided into trapezoidal strips 
(l), (2), (3), (q) as indicated for part of the
loop in £ig.2.3. The total number of strips, q, is 
(n-2) / 2 if n is even, and (n-*l) / 2 if n is odd. If
64
we make the assumption that the loop size is large, 
so that 6 < < h, then 6 can be ignored in all but 
the divergent terms of the integration. (The errors 
involved in making this approximation will be 
discussed in Chapter 6). Thus, 6 can be
neglected for all strips except the first, so that 
the limits of integration for the p th strip (p 4 1) 
are given by
where the identities (2.3) have been used. The limits 
of integration for the first strip (p « 1), for which 
6 cannot be neglected, are :
( -x cos a + 6) / sin a ^ y £ cos a + h sin a - 6)/
sin p a ^ y
sin p a
and h sin p a / 2 sin (p-*l) a / 2
x ^ h sin (p+l) a/2 sin p a /  sih a / 2
sin a
6 ^ x 0  sin a.
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The estimate E of the loop energy may now be
*  . r
obtained from equation (2.6) by summing the integrals
over the strips (p = 1,2.....,q) to give the
integration over the loop plane.
a? .
The energy correction due to the core-surface 
tractions, which is given for a unit length of a 
straight dislocation by equation (1.29), is obtained 
by summing the contributions from all the segments.
For a loop in edge orientation, b a £o f o .f bz J , the 
substitutions b_ a b and 8 = tc/2 must be made in
Hr Z
(1.29) ior all the segments, giving a total energy 
correction
E„ = n h K b 2 (3-2 v) /4(l-v).   (2.7)
Vrf Z
For a slip loop with a [b^, b^ ., o j , (3 = 0  for
all segments, and, from Fig. 2.2, the edge component
of the Burgers vector b^ for the Nth segment is
(b cos Not, + b sin NdJ) Hence, by summing for all x y
the segments, and using identities (2.3)?the total 
contribution may be shown to be
E_ = -n h K (b 2 + b 2 )(l-2v) / 8(l-v).c x y
..... (2.8)
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The total core***traction correction for a loop, formed 
by a planar cut, with Jb = (jb^ ., b^, b^ J is thus, from 
(2.7) and (2.8 ) :
= n h K f 2(3—2V) b 2 - (l-2V)(b2-fo 2 ) 1 /8(l«v), i. z z
(2.9)
On evaluating the integrals occuijdng in E^> the total
energy of the n-sided loop with b s fb , b , b I whichx y z j
is given by E = + E^ may now be written :
E = A ( Ag [ in (p/&) + M ] + A3 } ,   (2.10)
where
= K. P » yu p / 4tc (1-V) j p = perimeter 
A2 = bz2 + (1-V/2) (b2 - bz2 )
A, = [2 (3-2v) b 2 - (l-2v) (b2 - b 2)]/& (1-v)
q
M =; y  in £tan (r a/4)J + tan (a/4) cos (jme/2)
r=l ■
- in (n/2) -»1 
a = 2ft/n ; n = number of sides
q a (n~2 ) / 2 for n even ; q = (n-l) /2 for n odd
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a, » (l - 2 cos a) for q =s 1X
= («* sec a )
■•Xa = (2 + cos a) (X - cos a) (n even)
<1
a . = k cos a/2 (X + cos a/2)
(cos a/2 - cos a) (n odd)
C oX-»cos (r a/2)
sec (r-X) a/2 sec (r + 1 ) a/2]
(2 ^ r 4 (3r1 ) jE‘or <1 > 2.
It will be noted that the Burgers vector only appears
in the coefficients and so that, once the energy of
a loop of given shape and Burgers vector is known, the
energies of all other loops of this shape can be obtained
immediately* This result, which may also be deduced
from equation (2*6-} ' is particularly useful as in
practice the energy of a pure edge loop is comparatively
easy to determine* (The last point also applies to the
Yoffe and Kroner procedures for evaluating the energies
of loops in edge orientation)* It can ,also be seen
that the components b and b do not appear explicitlyx y
in (2*10), the energy depending simply on the magnitude
*• 68
b and the component b of b, and that a term in b b ,z x y
which is present in the energies of some loops of more 
general shape, is absent* For a symmetrical loop 
therefore, the elastic energy does not depend on the 
orientation of the component of the Burgers vector in 
the plane of the loop*
2*3 Triangular, Square, Hexagonal and Circular Loops*
2 * 3 Equilateral Triangle*
’ c ■
Triangular dislocation loops may arise at an 
intermediate stage during the formation of stacking
fault tetrahedra in certain face •* centred cubic
/2\ /21)
metals , and, as shown by Yoffe , the energy of such
a loop is also of interest because it provides a means of
determining the elastic energy of these tetrahedral defects.
An accurate expression for the energy of a triangular
loop thus enables the energies of small perfect and
faulted loops and stacking fault tetrahedra to be
compared. The discussions in which this has been 
(1 )(2 )(^1)done are, however, based on flagrantly
approximate energy equations and are certainly
inadequate. The required expression, which is
*
obtained by putting n = 3 equation (2.10), is:
A2 £ ’-£n (p/5) - in (9/2) *"l][ + | • .*# (2.11)
where the symbols are defined below (2.10).
dy
^ A triangular loop in edge orientation was used 
( 21'by Yoffe 7 to illustrate the application of her method. 
She ignored the work done by the tractions on the 
surface of the dislocation core, and her result is given 
by substituting b = b^ and A^ = o in equation (2.11).
The published account of Yoffefs analysis for the 
triangular loop cannot readily be followed due to its 
condensed nature, and the lack of correspondence between 
the angular dislocations defined in the diagram and 
the limits of integration used. In particular, the
Footnote
* Equation (2.11) may not, of course, be valid for
very small loops because it was derived by making the 
approximation p > > 5 , and by using the core' - traction 
correction for a straight, infinite dislocation line.
The limitations thus imposed are discussed in Chapter 6 *
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core radius 6 does not appear in the limits. Her 
result has therefore been derived independently using 
angular dislocations, and the general expression given 
by (2.11) has also been obtained in this way* The „ 
planar-cut and normal^cut variants of the Kroner 
method, which were described in §1 .6.3, have also been 
used to obtain estimates for the triangular loop, and 
these are found to be identical to (2*11) on putting 
the separation parameter t equal to 6 , and adding 
the appropriate core — traction contributions * In 
addition, the special case of a triangular edge loop has 
been treated by using the Li variant of the Yoffe method 
from first principles, and the procedure of J^ssang et al.
2*3*2. Square.
The energy of a square dislocation loop is of 
interest due to its relevance to defects observed in body — 
centred bubic metals. These will be discussed at length 
in Chapter 3. The elastic energy of such a loop may be 
obtained by putting n = 4 in equation (2.10), and 
is given by:
3S ss Ag in (p/d )- in j 2( /5+1) J -  (2 - J + A^ |
..... (2.12)
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The energy of a square loop with b normal to the
( 21)loop plane was quoted by Yoffe , and the case of
Jb parallel to a loop side has been examined, as a
( 32 )special case of a rectangular loop, by Sharpe J
( 33 )(jjand independently by Kroupa and Brown using the
Yoffe method. The results of these workers do not
include the work done by the core -* surface tractions.
( 20 )Bullough and Foreman have shown that these
results, when, corrected, are consistent with those they 
obtained using both the planar cut and b cut Krdner
r
procedures, with t equal to 6, for a case in which
b has components perpendicular to the loop and
parallel to one of the loop diagonals. Equation (2.12),
which was obtained by the Li procedure, is a more general
( 20 ^expression than that given by Bullough and Foreman /•
It has been checked by the author by using the planar— 
cut and normal*-cut procedures of the Kroner method, and by 
the standard Yoffe method. The energy for the case of 
b a | o, o, J has been obtained by the Li variant 
independently. It has also been derived by using 
angular dislocations associated with a normal cut as in 
Fig.- 1*3* the analysis for this procedure is, however, 
much more tedious than that of the other methods.
2.3•3« Regular Hexagon.
The elastic energy of” a dislocation loop having
the shape of a regular hexagon was considered by 
( 21)Yoffe . She quotes results for the edge loop, which
cfjp
is relevant to stacking fault loops observed in certain
( 2 )face *• centred cubic metals , and for another special
case applicable to face - centred cubic metals, in which
the loop lies on a £l 1 1^ plane and has a Burgers
vector parallel to one of the < 1 1 0 > directions not
( 20)in this plane. Bullough and Foreman give the
core - traction correction term for this loop. The 
energy for a hexagonal loop of arbitrary Burgers vector 
is, from ( 2.10 ) ,
S = A^ j (p/5) - i.n £27(7/3"-12)] -
( / 5 ' - l ) | +  a 3 j. . . . . .  ( 2 . 1 3 )
This general expression has also been obtained by the 
standard Yoffe procedure.
2.3.4. Circle.
There has until recently been much confusion 
concerning the elastic energies of circular dislocation 
loops. This, as we shall see, has been due to the errors 
contained in the energy expressions given by previous
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workers. When these are suitably corrected they
c
may be used to obtain the self'- energy of a 
circular loop with arbitrary Burgers vector.
It is given by :
E = ^yuR/2Cl«v)] | A2 [ In (8R/6 ) - 2 ] + A^ j ,
..#.•(2. l^ t)
where R is the radius of the loop and the other symbols 
are defined below (2.10). Again, this result is 
obtained by using the approximation 6 < < R, and the
r
core — traction contribution to the energy has been 
obtained from equation (1.29)*
The earliest rigorous determination of the energy
( 25 )of a dislocation loop was by Nabarro who used the
/ 22 )
analysis of Burgers v to evaluate the energy of a 
circular slip loop with b in the plane of the loop. 
However, he uses an inaccurate approximate method to 
evaluate an integral, which is, in fact, an elliptic 
integral (page 335 of reference 25 )* When this is 
corrected, and the work done by the core «» surface 
tractions included, his result becomes the special
ate
case of (2.1*0 with b = o . The general theory ofz
* Footnote
-l.f !•■ ...» (25)
The published result of Nabarro is given by (EU14) on
replacing 6 by 26 and putting A Q » o
** 7k —
Burgers has also been used by the author to determine
though this leads to a tedious analysis. The result 
obtained is identical to that found by Franz and
the separation parameter is put equal to the core
radius and the appropriate core-traction terms are
included. The author has used this procedure to derive
the energy of the circular slip loop, and also the planar-
cut Krdner method for the general circular loop
( 23 )
(equation (2.1k) ). Krbner J , who ignored the work
done by the tractions on the core surface, has also used
the latter method to determine the energy of the slip
loop, and notes that his result is equivalent to
( 25 )Nabarro*s expression (which as explained above is in
this to be incorrect._________  _________________________
* Footnote
" (23)In his published account, Krdner J has neglected
to divide by 2 in deriving his equations for the self -
energy from those for the interaction energy.
the energy of the circular edge loop with
using the normal-cut Krdner procedure, when
error) on letting t = 26, The error in the analysis
of Nabarro thus led KrBner to assert that the loop
separation in his procedure is equal to the core 
diameter. The results of this chapter, and the 
analytic proof due to Bullough ( § 1.6,3*) have now shown
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The circular dislocation loop in edge orientation
( ^5 )has also been treated by Kroupa * . He deirives
expressions for the stresses and displacements associated 
with such a loop from first principles, and obtains 
an expression for the elastic energy of the loop using 
a planar - cut model* His result, when suitably corrected 
for the work done by the core - surface tractions, 
is the special case of (2.14) with b -[•.0,1*].
Kroupa also obtains an expression for the total energy 
of a circular loop by including a core energy of
o  r
magnitude b / (l~v) per unit length (as given
( 7 )by Friedel ), and notes that this result agrees with
(34)that given by Franz and Krdner . • This agreement
is now seen to be purely coincidental, because, as
described above, the expression given by Franz and 
(34 )Krdner ^ was for the elastic energy obtained by 
using the normal —  cut procedure and uncorrected for 
the energy due to the core - surface tractions.
2.4 Discussion.
In | 2.2, a unique solution was obtained for the 
energy of a symmetric polygonal dislocation loop 
having n sides and arbitrary Burgers vector. This
was derived by using the Li. variant of the Yoffe 
method and adding the contribution to the energy of 
the work done by the core - surface tractions. In 
the following section, energy expressions for a 
selection of loops for which n is small have been 
checked independently by the standard Yoffe method 
and, in most cases, by the planar-cut and normal-cut 
variants of the KrBner method. They are found to 
be identical on letting the loop separation, t, of 
the Krdner procedures equal the dislocation core radius
r
6. In addition, the energies of triangular and 
square loops have been obtained by using the procedure 
due to Li from first principles.
The algebra arising from all the methods used 
can be extremely tedious, but that of the Li procedure, 
which uses finite dislocation segments, is found to be 
the simplest* The standard Yoffe method always gives 
rise to a neater analysis than any of the Krbner pro* 
cedures, and of these the planar—cut model, with the 
z~axis perpendicular to the loop, produces the least 
complicated analysis.
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Unfortunately it has not been found possible to
r
evaluate the summation in the constant M of equation
(2,10). This is not particularly inconvenient for 
polygonal loops however, since those of practical 
interest have relatively small values of q, the upper 
limit of the sum. Numerical values of M for loops 
with the shape of an equilateral triangle, a square, 
a regular pentagon, hexagon and octagon, 
corresponding to n = 3»^>5»6 and 8 respectively, are 
given in Table I. Also given in the table are
C ■
numerical values for the energies of loops of these 
shapes in edge orientation for four different loop 
sizes. As explained in § 2.2 , energies for loops of 
different orientations can readily be obtained 
from these* It will be noted that, as expected, for a 
loop of given area and orientation, the energy decreases as 
n increases.
J^ssang et al. ^ 6 )  ^ave recently given expressions 
for the energies of regular polygonal loops having six 
and twelve sides for the special case in which the 
Burgers vector lies in the plane of the loops* Their 
expressions are derived using the procedure of J^ssang
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T A B  L E I
Elastic Self Energies of Symmetrical 
Edge Dislocation Loops.
n N
L O O P  E N E R G I E S
a ss 50 a = 100 a =3 200 a = 400
3 -2.5041 866 2049 4729 10722
4 —2.1604 803 1882 4319 9748
5 -2.0199 782 1829 4187 9430
6 -1.9433 774 1806 4128 9287
8 -1,8689 766 1785 4075 9160
00 -1.7583 761 1768 4027 9038
4-a s A 2/&, where A is the loop area. The 
energies are given in units of 
Jyib25 / 4 % (l~v) jj , and V has been put 
equal to 1/3 in A^.
( 3 *9 } ret ale (see 01.7.3.)) and they ignore the work
done by the tractions on the dislocation core surface.
In order to allow for the energy of the core region,
however, they introduce a parameter a. By choosing
suitable values for a they show that their energy
expressions for the six and twelve - sided loops are
the same as that of a circular loop. For the latter
( 25 )they use the incorrect equation given by Nabarro 
(23)
and KrBner » and in addition, two misprints occur in
their published equation for the circular loop, one of
which is repeated in the equations for the polygonal
loops. When these are corrected, and the energy
contributions due to the core-surface tractions are
included, their expressions are consistent with those
( 37)presented in this bhapter
The inability to evaluate the summation in the 
constant M of equation (2.10) for an arbitrary value of 
n, means that it has not been found possible to obtain 
an analytic expression for the energy of a circular loop 
from (2.10) by letting n tend to infinity. However, as 
described in § 2.3.4, such an expression can be found 
by any one of several other procedures, and the energy
-  Bo -
expression thus determined, equation (2.14), may be 
written in the form of equation (2.10), where M is 
then given by £ -in (%/k) Numerical values of
M and E for a circular loop have also been included in 
fpTable I. It can be seen that, as expected, the energy
J  ‘ -
of the n—sided regular polygonal loop tends to that 
of the circular loop as n tends to infinity.
We may here note the limitations introduced by 
using isotropic elasticity theory and ignoring the 
energy of the dislocation core. In reality, as
r
described in Chapter 1, the effects of the crystal
structure and anisotropy must influence both the
shape and orientation of dislocation loops. This is
indicated by the results in Table I which show
that for symmetrical loops of fixed area and orientation,
the circular shape has the minimum energy, whereas in
practice polygonal loops are often observed.
It is convenient at this stage to briefly describe 
and discuss a method for determining the energy of a 
dislocation loop, which, though giving a less accurate 
estimate of the energy, involves a much simpler analysis.
— 8l
In this procedure, the loop is constructed from pairs of
■ r'
parallel finite dislocation segments of opposite sign. 
Each pair is considered to be part of an isolated pair 
of parallel infinite dislocation lines, and an expression
rtf' ■
for the energy of this configuration enables an estimate
for the energy of the loop to be easily determined. This
(32 )method, which was used by Sharpe in an analysis of
the energy of rectangular dislocation loops, takes into 
account the interaction between segments on opposite
sides of the loop, but ignores the interactions between
c
other segments ; these are only considered by the more 
formal procedures described in Chapter 1. Some of the 
advantages and disadvantages of this method can be 
ascertained by using it to estimate the energy of the 
n—sided symmetrical dislocation loop.
A pair of segments, each of unit length, on two
parallel infinite dislocation lines of opposite sign
is shown in Sig. 2.k , where their separation is
denoted by The total elastic energy of the
configuration is the sum of the self energies of the
segments and the interaction energy between them.
(11)Cottrell has given an expression for this energy
82 -
for the case where the core surface of each 
dislocation is taken to be traction - free, but the 
outer surface of the finite body containing the pair 
is not. The energy has therefore been recalculated 
for the situation in which the core surfaces are not 
stress free, in keeping with the other procedures 
employed in this thesis* For the pair of dislocation 
segments shown in frig. 2.*t* the elastic energy, 
including the work done by the core-surface tractions, is ;
E = (K/2 ) j £b2 - v(b^) ] /nU/6 )-[(b^) (l-2v)
- (b” )2 (3-2V) ]/4(l~v) | . (2.15)
where K is ja/k% (1-v) and the components of the
Burgers vector Tb are referred to the orthogonal axes 
N N Nx , y , z shown in the figure. An n-*sided regular 
loop may be constructed from a set of parallel pairs 
if n is even, and, summing the energy contributions 
given by (2.15) for the n/2 pairs, the energy of such 
a loop may be written :
E ss A^ | Ag £ in (p/5) + M A^ j , ..... (2.16)
where M s An £°ot (%/n)/n J and the other symbols
are defined below equation (2.10).
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A comparison of* equation (2.10) and (2.16) shows that 
the approximate procedure using pairs of* parallel 
dislocation segments does predict the correct form for the
energy, and thus the properties of the n-sided regular
dp r *
loop described in ^2.2. The constant M of equation
(2.16) does not, however, equal M of (2.10). Values of 
*M for loops having n = ft, 6 and 8 are given in Table II. 
Also given in this table are numerical values calculated 
from (2.16) for the energies of loops in edge orientation 
with these shapes and different sizes. Comparison of
. . . . . . .  C . . . . . . .
Tables I and II shows that the less accurate method can 
give substantial errors in loop energies, especially for 
small loops. Unlike equation (2.10) however, (2.16) 
may be used to obtain an analytic expression for the 
energy of a circular dislocation loop, because the 
limit of M as n tends to infinity is -i.n( 7C). (The 
value of M for the circular loop is £-i.n (tc/4)->s J ). 
Numerical values for the self — energies of circular 
loops having four different sizes have therefore been 
included in Table II. Reference to the values given 
in Table I again shows that the approximate procedure 
leads to considerable errors.
8 4 -
T A B L E  I I
Approximate values for the elastic self-»energies
of symmetrical edge dislocation loops obtained by
df . . .  - ' ■
^ the procedure using pairs of parallel dislocation
segments.
n
»
M
L 0 O P  E N E R G I £ S
J/A
a = 50 a = 100 a as 200 a ss 400
4 -1,3863 957 2192 4939 10986
6 -1.2425 904 2066 4649 10331
8 -i.i9&i 889 2029 4564 10137
CO -1.1447 870 1985 4462 9908
±
a ss A 2^ 5 , where A is the loop area. The 
energies are given in units of 
jyub25 / 4 TC (l-v)J , and V has been put 
equal to 1/3 in A^.
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The results presented above show that even though 
the procedure using pairs of parallel dislocations 
leads to very simple analyses, it should only be used 
for estimating the energy of a dislocation loop when a 
r?jvery approximate value is required. As will be 
demonstrated in later chapters, errors of the size 
inherent in this method cannot be tolerated for meaning­
ful calculations, especially those involved in analyses on 
the form loops assume when in equilibrium.
Q £G O
n-l
FIGURE 2.1
Part of an n-sided symmetrical dislocation 
loop formed by finite segments 1,11,....., n.
FIGURE 2.2
The N th finite dislocation segment
88
op
FIGURE 2.3
The n-sided symmetrical dislocation loop divided 
into trapezoidal strips.
FIGURE 2 A
A pair of* parallel, finite dislocation 
segments, shown in bold lines, on two 
infinite, straight dislocation lines.
CHAPTER 3
THE ELASTIC ENERGY OF A PARALLELOGRAM-SHAPED
DISLOCATION LOOP.
3.1. Intro due t i on .
( 21)The standard procedure of Yoffe , which
is described in §1.6.2 , has been used to derive an 
analytic expression for the elastic energy of a 
parallelogram-shaped dislocation loop of arbitrary
e
Burgers vector# A brief description of the
analysis necessary for the determination of the
energy of this non - symmetrical loop is given in
§3*2# The energy expression thus obtained is made
use of in §3*3 to study the variation of elastic
energy with orientation for a glissile loop on a glide
prism of rhombus cross-section formed by two pairs of
{l 1 l} planes in face-centred cubic materials.
Several surprising features of the results of Bullough 
( 20 )and Foreman , who in a similar analysis restricted
the loop to orientations in which it has rhombus shape, 
are explained. The ways in which a loop, initially on
a |X 1 Xj plane, can rotate to its orientation of 
minimum energy are computed. In ^3.4. a similar 
analysis is made for the case of a loop on a glide 
prism of square cross-section. This is of interest 
because it has higher symmetry than the |l 1 l| glide 
prism discussed in §3*3» end it is also relevant to 
defects which have been observed in body - centred 
cubic metals. The results of the work presented 
in the.Chapter are discussed in §3*5.
C -
3.2. The Energy of a Parallelogram-Shaped Loop.
¥e wish to evaluate the energy of the parallelogram­
shaped dislocation loop shown in Fig.3.1 by the 
procedure due to Yoffe described in §1.6,2. The 
loop is formed by the four angular dislocations 
I, II, III and IV, and has Burgers vector b with
components b , fo and b relative to the reference axes . x y z
x, y and z shown in the figure. In order to evaluate 
the Yoffe estimate of the energy, equation (1,21) 
will be applied to each angular dislocation in turn and the 
resulting component energies (N = I, II, III, IV) added.
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For angular dislocation I, the stresses
I I I  r> , t> and p are obtained by letting N =s I *zy rzz
and qfi =s (ru-2a) in equations (1.18), (1 ,19) and (1.20 ).
Also, from Fig, 3.1 we have that the components 
I I  Ib , b and b of the Burgers vector b relative to the x y z ""
I I  Iaxes x , y and z , are given by -b , b and by x z
respectively and the limits of integration
(—cx~ + 6) / s 4. y1 4 (-cx^ + hs - 6) / s 
(-*ks + 6) ^ x3" ^ -5 ,
where s = sin 2a and c = cos 2a, Similarly for
II II II
angular dislocation II, the stresses PZy an(  ^P zz
are obtained by putting N = II and =s 2a in equations
II II
(1,18), (1.19) and (1.20). The components b , bx y
IIand b^ of the Burgers vector b, relative to the axes
x11, y ^  and z ^ ,  are (b s - b c), ( b e  — b s) and b
x y x y z
respectively, and the limits of integration are given 
by:
(cx11 + 6)/s ^ y11 ^ (cx^ + ks-6) / s
(«»hs + b) 4 ~ &
Substituting these values in equation (1,21) we obtain
I IItwo expressions for the energies Ey and Ey . Each of
these involves three integrals and it should be
IInoted that the integrals for may be obtained
Idirectly from those for Ey by interchanging h and k,
and replacing 2a by (7E-2a). Also it can readily
dislocations III and IV give rise to the same elastic 
energies as I and II respectively, so that Ey =
arising from the core surface tractions may be shown 
to be:
On evaluating the integrals occurring in and, 
since 6 «  h or k, neglecting terms of order 6 in 
comparison with those of order h or k, the total energy 
of the parallelogram—shaped dislocation loop, which is 
given by E s may now be written :
due to the symmetry of the loop, angular
I I I2(Ey + Ey ). Using equation (1.29) the energy
Ec = K | -(l-2v) £h b2 + k (sbx - cby)2 J
\
+ (3-2v) (h+k) b2 \ A (1-v).
25 W
B b K  - Px C 2h ]
+ j*2k in (2k/6 )-P(k,h) J
- —
where P.. as b2 ** Vb2; P 0 = b2 - V (cb2 + sb2 ) 1 x V 2 x y
P 0 « 2vhs2cP (k,h);P, = 2Vs TkP (h,k) 
j a 'I L Q-
~ h(c2-s2)Pa(k,h)j 
P5 = f-(X~2v) [hb2 + k(sbx-cby )2 ]
+ (3“2v)(h+k)b2
P(h,k) = kc P (h,k) + hP, (h,k) + Pa d c
P^ (h,k) s= in |(l+c) £h-kc+P~ ] / ( X - c )  [h + kc + P+]J
p. (h,k) = £h+kc+P+ J /  ( -h+kc+P” J I
P = 2(h+k)-P -P i P = (h + 2hkc + k*)2. 0 wmm
3.3• Dislocation Loops on {l 1 l) Glide Prism; 
3.3*1* Introduction.
Considerable interest exists in the mechanisms of
formation of dislocation loops, of various shapes
and orientations, which are observed in quenched or
(2)irradiated face - centred cubic metals and alloys *
- 95 -
In particular Makin and Hudson ^8) kave examined
the case of rhombus - shaped loops in a quenched aluminium
-1% magnesium alloy in some detail. They find that the
loops have -J <11Q> Burgers vectors and lie predominantly
3° on {012] planes with their sides along <321> directions.
Similar loops have also been observed in other face-
( 39 )centred cubic materials (Eikum and Thomas J
Ruedl et al. ). Makin and Hudson .^3®) suggest a
mechanism for the formation of an {012^ loop in which 
vacancies initially condense on a close-packed
plane to form a faulted hexagonal-shaped loop 
with sides parallel to <011> directions. After 
removal of the stacking fault by shear the loop has 
a \ <110> Burgers vector and can therefore transform 
to a rhombus shape by the elimination of its two 
pure edge sides by self-climb or by the condensation 
of further vacancies. This loop is glissile
since its sides can move conservatively on the two 
conjugate ^111^ planes. It can therefore rotate to 
the observed ^012} orientation. Direct evidence of 
this mechanism has recently been obtained by Hudson and 
M a k i n w h o  report an experimental demonstration 
of the sequence: hexagonal Frank loop; hexagonal
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perfect loop; rhombus ^111^ loop; rhombus ^012^ 
loop# However, the details of the path traced out by 
a rhombus loop in rotating between the initial 
orientation and the final {ois} orientation were not 
determined. In an analysis of this last stage of the 
sequence, Bullough and Foreman determined the
variation of loop energy for orientations corresponding to 
loops of rhombus shape• Their results show that, for 
the rotations considered, such a loop does have 
minimum elastic energy close to the |oi2^ 
orientation. However, the significance of these
r
results is uncertain as in practice it is likely that, 
in gliding from the ^lll| orientation to its 
minimum energy position, the loop will at some stages 
have parallelogram—shape. Use has therefore been 
made of the expression for the elastic energy of a 
parallelogram—shaped loop, which was derived in 
section ^3.2*to investigate this problem further.
3.3»2* Procedure and Results.
A glissile dislocation loop on a prism of rhombus 
cross-section, bounded by (ill) and (111) faces is
97
shown schematically in Fig, 3*2. Its shape and 
orientation are completely defined by a, the edge 
of the rhombus, and the angles ©- and ©0, which the
sides of the loop make with the Burgers vector 1>«
All loop orientations lying within the standard unit
stereographic triangle in Fig. 3.3 (a) will be
considered ; these are crystallographically
equivalent to loops lying in the other three unit
triangles meeting at (Oil). Some possible
orientations in which the Burgers vector makes only a
small angle with the loop plane are thus excluded, but,
as discussed in ^ 3«3•39these are not important. The
restricted loop orientations, corresponding to loops of
rhombus-shape, which were considered by Bullough 
( 20 )and Foreman are indicated by the broken lines
in Fig. 3,3 (a). In terms of the angles ©^ and ©^, 
the indices of the plane of a loop are given by:
( sin (©^ + ©g)1 2 sin ©1 sin ©2 + sin
2 sin ©
• • • • •
Using equation (3.2), it is readily shown that the 
orientations shown in Fig. 3.3 (a) are equivalent 
to those contained within the triangular plot of
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Fig. 3*3 (h), which uses and ©^ as co-ordinate 
axes and provides a more convenient means of plotting 
the results of the present work. This triangle has 
sides ss 60°, ©^ = ©^ and a ( l80° ~ 9^ ), and due
to the symmetry of the glide prism is representative
through reflection in the sides meeting at (Oil),
of all orientations for 0^ and © 2 between 60° and
120°. An expression for the elastic energy of the
dislocation loop on the glide prism shown in Fig. 3*2,
using , 9„ and a as parameters, may be obtained 1 2
by making the following substitutions in eqn. (3*1) :
c
h = a/s^ ; k « a/s^ ; c = (■S1S2 + 3c1c2 )/3 and
[b*« V  bz)= b Ccl> sX(3s1C2 - s2c1)/3s>
2 /2?s s /3s 1,
1 2 J ..... (3.3)
where
S l* S 2 ’ ° 1 ’ C 2 “ S ± n  ® i » " s i n  COS 9 1' 003 9 2
respectively* The resulting equation has been used 
to evaluate loop energies at 2° intervals of ©^ and 
©2 for orientations inside the unit triangle of 
Fig. 3 . 3  (b).
Four different sizes of glide prism have been
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considered corresponding to a/6 = 50, 100, 200, 
and 400. Letting 6 = b the largest glide prism would 
thus have a»v>l,000 A°, From the results, which were 
obtained using an I.C.T. Sirius Computer, the energy 
contours shown in Fig. 3.4 have been prepared, the 
energies being normalised with respect to those of 
loops in the ( Oil ) orientation. In units of 
yub^a/2n;(l~v) these are 7.875» 9*261, 10.64-7 and 
12.034 for a/6 = 50, 100, 200 and 400 respectively, 
Poisson*s ratio V being taken as 1/3 in all 
calculations. The contours are found to be normal to 
the (111MOll) and (Oll)-(OOl) edges of the unit
C :
triangle, and there are energy minima between (Oil) and 
(001) in all cases, loops at these locations having 
rhombus shape. The precise position of the minimum 
is near (012) for the loop corresponding to a/6 = 400 
but moves further from (Oil) and deepens as the loop 
size decreases. Fig, 3*^ also indicates that for 
small loops,saddle points in the energy occur between 
(ill) and (Oil). These again become more pronounced 
and move away from (Oil) as the loop size decreases.
It can also be seen from the contours that the energy 
in the pure edge (Oil) orientation, at which the loops 
have minimum line length, is a local maximum for small 
loops and a saddle point for large loops.
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Also shown in Fig. 3,% are sets of broken
curves which are everywhere normal to the energy
contours. These curves, which indicate paths loops
may make in reaching their minimum energy orientations,
were obtained using the analytic expression for the
energy of a loop on a {ill} glide prism in the
xx n,following way. At a point (9^ ,0^ ) referred to the 
orthogonal axes 9j, and 0^ shown in Fig. 3*3 (h), the 
slope of the loop path, which is normal to the energy 
contour at that point, is given by :
n
a n a n 
J 1 * 2
d E  /  a©2 /  /  d ©
(3.4)
where E is the self-energy of the loop obtained by making 
substitutions (3*3) equation (3*1). The 
coordinates of a point (0^ , ©2 ) on the path
passing through (©j*1, ant* a distance k ^ om
0XA), are then in the limit as h tends to zeroI
n
given by : 
0 n+1 ^ n , /, r. 2* —J= ©1“; + h(i + sq ) ,
n+1
Z =* $
n + hS (1 + S )n n . . . . .  (3*5)
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Analytic expressions for 6e /<$0^ and 6E/<5©2 have been 
obtained, and successive points on a path starting 
at an arbitrary orientation (®^°» ®2°^ computed from
(3.5) with the necessary condition that 
f] e2n+1) < ECSj” , »2n ). it has been found
that paths may be determined with sufficient accuracy 
if h = 1°.
Paths have been determined which start from
orientations all around the unit triangle, and
reference to Fig* 3*4 indicates that, for a glide
prism of given size, all paths terminate at the same
energy minimum. Of particular interest are the paths
traced out by loops lying initially in the (ill) plane.
( )
This is the situation envisaged by Makin and Hudson 
and provides a limiting case in the present analysis as 
the paths then pass through positions of unstable 
equilibrium, corresponding to saddle points in the 
energy surfaces. Thus, referring to Fig.3*4 (a), 
a small loop of side a corresponding to a/5 » 50 will 
rotate from (111) to a position near (122), where it 
will remain until disturbed, possibly by the influence 
of neighbouring defects. It will then follow the 
indicated curved path to the energy minimum near (014),
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at all positions being at least 20° from the (Oil) 
pure edge orientation. Larger loops may however 
pass through this orientation in which the line length 
is a minimum. Thus, referring to Fig, 3*4 (d), it 
may be seen that loops corresponding to a/5 » 400 
can rotate from (111) to a position of unstable 
equilibrium at (Oil) and then rotate to the energy 
minimum near (012), In practice, of course, loops 
are likely to be deflected away from the side of the 
unit triangle between (ill) and (Oil) before reaching 
the energy saddle point. The paths shown in 
|?ig, 3,4, which start close to (111) are then typical 
of those to be expected.
3.3.3. Discussion.
The results presented in §3»3»2 indicate that
the minimum energy locations for dislocation loops on {lll^
glide prisms are displaced from the (Oil) position,
at which the loops have minimum perimeters, towards
the (001) pole. In these orientations the loops have
rhombus shape and the present results do in fact
( 20)substantiate the work of Bullough and Foreman ,
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who restricted their analysis to loops of this shape.
Thus their principal energy minima correspond to those 
shown in Fig.3*4. However, the subsidiary minima between 
(111) and (Oil), which were reported by Buliough and 
rfjp Foreman for the smaller loops, have been shown in the 
present work to correspond to saddle points in the 
energy surfaces. As the cross-section of the glide 
prism increases,the position of this saddle point moves 
farther away from (ill) and for the larger loops is 
situated at (Oil)., Thus for small loops the (Oil) 
orientation is a subsidiary maximum in the energy 
surfaces,but as the loop size increases it becomes 
a saddle point. This clarifies the results of 
Buliough and Foreman who present curves giving the 
energy of the rhombus-shaped loops at orientations along 
the (lll)-(Oll) and (Oll)-(OOl) edges of the unit triangle.
Buliough and Foreman were of course unable to make 
a study of the routes taken by loops in rotating from the 
(ill) orientation to their minimum energy locations. 
However, their result that (Oil) is a subsidiary maximum 
for small loops, does indicate that in practice loops 
are likely to have parallelogram shape at intermediate 
locations. The present work has shown that the paths
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taken are in general complex and, at least in the case 
of small loops, do not pass through the pure edge 
orientation at (Oil). The paths also indicate why 
it was unnecessary to consider loop orientations outside 
the unit triangle of Fig.3,3(b). In no case does a 
path, starting within the triangle, pass across its 
boundary and, as indicated by the general form of the 
paths and contours meeting the (111)-(001) boundary, 
loops with initial orientations outside this boundary 
still rotate along paths terminating at the same 
minimum energy locations.
c
Unfortunately direct experimental evidence of the 
paths taken by rotating glissile dislocation loops is 
not at present available. Indeed, using electron 
microscopy, this information would appear to be rather 
difficult to obtain (Hudson and Makin ^ ^  ), particularly 
for the smaller loops which are predicted to exhibit the 
more complex behaviour. However, the fact that the 
calculated elastic energies of loops are a minimum for 
orientations near those which are observed in practice, 
indicates that these energies play an important role 
in determining loop orientations. It is thus likely 
that the paths predicted in the present analysis, which
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is again based on elastic energy determinations, are of* 
real physical significance.
3 .4. Application to a Loop on a Square Glide Prism. 
3.4,1* Introduction.
The work reported in §3 has shown that a 
dislocation loop on a glide prism formed by (ill) planes 
does not have minimum energy in the pure edge (Oil) 
orientation, at which the line length is minimum, but 
at an orientation displaced from this. The edge loop 
is in this case rhombus in shape and it is important to
C
determine whether this shape asymmetry is a direct cause 
of the minimum energy displacement. This may be 
established by determining the variation of energy with 
orientation for a loop on a glide prism of symmetric cross- 
section* For this purpose it is convenient to consider, 
in the first instance, a prism of square cross-section 
on which loops will, again in general have parallelogram 
shape.
The only observation known of loops on glide prisms of
(5) (42)square cross-section is by Masters . He has
analysed interstitial loops formed in a-iron irradiated
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with iron ions and found them to be approximately pure
edge in character with <1Q0> Burgers vectors and sides
in <100> directions. Small vacancy loops in quenched
molybdenum are also reported to have <1QQ> Burgers
(3)vectors but their shape has not been determined .
All other loops which have been observed in irradiated 
and deformed body—centred cubic metals have <111>
Burgers vectors and do not have square glide prisms 
(e.g. : Downey and Eyre Meakin and Lawley
(44 )Ohr and Beshers A mechanism by which both the
<100> and \ <lil> loops can form from faulted edge loops 
on {no} planes has recently been proposed by Eyre
tfc\
and Buliough .
3.4.2. Procedure and Results.
A loop on a square glide prism is shown schematically 
in Fig. 3.5. Its orientation is determined uniquely 
by 9 and 9^, the angles between the sides of the loop 
and the Burgers vector b ; the length of the sides of 
the loop in edge orientation is a. An expression for 
the elastic energy of this loop, in terms of the para­
meters 9_ j 9 0 and a, may be obtained by making the1 di
following substitutions in equation (3*3.) :
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h as a/s^; k = a / s c  = and
C V  V  bz] = b [cl ’ asi°xC2/B* sls2/sJ *
where s^, s^, c^, = sin 9^, sin ©2? cos ©^, cos ©2
respectively. The resulting equation has been used to 
evaluate loop energies for ©^ and ©2 within the range 
60° 4 8 ^  90° , 60° 4 &2 4 90°, ©2 = 9.^ Due to
the symmetry of the prism, this range applies to all 
orientations for which 60° 4 ^ 120° and 60° ^ ©2 ^ 120°.
Also in this application, due to the nature of the 
energy contours, it was found necessary to determine 
energies at 1° intervals of ©^ and ©2« Four sizes of 
glide prism have been considered corresponding to 
a/6 = 50, 100, 200 and 400. From the results, the energy
contours of Fig. 3*6 have been prepared. The energies 
are normalised with respect to those of loops in the edge 
orientation which, using units of ^ib a/27t(l**v), are 
8.026, .9.412,- 10.799 and 12.185 for a/6 = 50, 100, 200, 
and 400 respectively. The contour figures indicate 
that in general the minimum energy orientation for a 
loop on a square glide prism is not that of a pure 
edge loop, but is displaced along the line ©^ » ©2 on 
which the loop has rhombus shape. As the size of the
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glide prism increases the energy minimum becomes less well 
defined and moves towards the edge orientation. Indeed 
results for a glide prism of size a/6 = 800, which are 
not presented here, show that, within the accuracy of the 
computations, the pure edge orientation is that of 
minimum energy.
■3.4.3# Discussion.
The results of §3*^*2 clearly indicate that the 
minimum energy orientations of prismatic dislocation loops 
will not in general correspond to orientations of minimum 
perimeter in which the loops are pure edge. As discussed 
i*1 §3*3 this result was known previously for the case of
loops on glide prisms of rhombus cross-section but it was 
uncertain whether it was valid for polygonal loops on 
symmetrical prisms. It has been shown here that if does 
aPPly for square glide prisms and thus appears to be of 
general significance.
In a comparison of the possible mechanisms of
formation of dislocation loops observed in body - centred
( k 5 )cubic metals, Eyre and Buliough determined the
variation of energy with rotation for a square dislocation 
loop initially in edge orientation. In order to simulate
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a glissile rotation, the dimensions of* the loop were varied 
with rotation to maintain a constant total defect volume. 
However, the model adopted was artificial in that the loop 
was assumed to retain its square shape. The results
presented by Eyre and Buliough show that small loops
■
do not have minimum energy in the edge orientation, in 
agreement with the results presented in §3*4.2* Their 
analysis could not, of course, predict that a small loop 
on a square glide prism has rhombus shape at its minimum 
energy orientation. From the energy curves given by
(4cr)
Eyre and Buliough ^ , the tilt of loo^s in mxnimum 
energy orientation and the appropriate changes in energy
appear to correspond approximately with the more accurate
values obtained in the present work.
Due to the lack of experimental information on the 
crystaliogx'aphy of loops on square glide prisms it was not 
considered worthwhile, at the present stage, to investigate 
the paths likely to be taken by these loops in reaching 
their minimum energy orientations. However, one 
observation is of interest. The loops analysed by 
Masters (5)(42) jla^ [.si(jes Qf about 1000 to 1500 2, 
which on letting 5 a b corresponds to a/5 between 400 and 
600. The results of §3.4.2 show that for a loop of this
- no -
size the displacement of the loop plane from the ^001^ 
edge orientation is less than 10°, This small displacement 
is of the order of the experimental error quoted by 
Masters*
3*5 Discussion.
The elastic self-energy of a general parallelogram - 
shaped dislocation loop with arbitrary Burgers vector 
was derived in §3*2 by the standard Yoffe procedure. 
Expressions for the energy of such a loop have also been 
derived by the planar-cut and normal-*cut variants of the 
Krdner method, which are described in § 1«,6.3* The 
expressions obtained are found to be identical with 
equation (3.1) on putting the separation parameter t 
equal to 6 and including the appropriate energy 
contributions due to the work done by the core—surface 
tractions. The analysis arising in the Krdner 
procedures was, however, much more tedious than that of 
the Yoffe method.
The expression for the energy of a parallelogram­
shaped loop given in §3.2. reduces to the expressions 
obtained by previous workers for the special cases of loops 
of rhombus and rectangular shape. A rhombus loop with
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the Burgers vector projecting along one of the diagonals
was treated by Buliough and Foreman  ^^  ^ • they give an
energy expression which may be derived from equation (3.1)
by letting h « k, rotating the axes through an angle a,
J} and putting the new x (or y) component of Jb equal to zero.
The energy of a rhombus loop of arbitrary Burgers vector
has been obtained by the author using both the Yoffe and
(33)
Krdner planar — cut methods. ICroupa and Brown
derived an expression for the energy of a rectangular
edge loop, but ignored the energy contribution arising from
the cor e«* surf ace tractions. Equation (3*1) reduces to
their energy expression on putting b^ = b^ » o, s= 0
and 2a = %/2, The energy of a rectangular loop with the
Burgers vector parallel to one of the sides was also quoted
by Kroupa and Brown and by Sharpe Again, the
work done by the core - surface tractions was neglected,
and their result is given by equation (3*1) on putting
b ( o r b ) s a b ' s O y  P_ =: 0 and 2a = rc/2. x y z 5
The variation in the elastic energy of a dislocation 
loop on a glide prism formed by two pairs of {ill}' 
planes in face «• centred cubic materials is determined 
i*1 §3.3, and the orientations at which loops have
minimum elastic energies are found to be near to those
wliieh Makin and Hudson have observed In practice.
This indicates that the analysis used in this chapter 
provides a good description of the physical situation 
in real materials, and that similar techniques may prove 
to be useful in investigating other problems involving 
dislocation configurations. One feature of the 
results of §3*3 is surprising however. The displaced 
elastic energy minima which have been obtained are in all 
cases very shallow. This would appear to be inconsistent 
with the apparent marked preference of loops to take up 
certain well defined orientations in practice. It is 
also unusual for loops to change their orientations while 
being observed in the electron microscope, although this 
may be due to pinning by impurities. The analysis 
used here, however, has ignored the energy of the 
dislocation core and crystalline anisotropy, and it may 
well be that a procedure incorporating these effects would
C 20 )predict deeper energy minima, Buliough and Foreman
have, in fact, made a tentative estimate of the core energy 
on the basis of an extended Peierls model. They find 
that the total energy of an extended rhombus « shaped 
loop has a displaced minimum energy orientation if the 
loop size is such that a/6 <300 or if the dislocation 
line is extended beyond the normal Peierls width.
The work presented in §§3»3 anc* 3*^ clearly
demonstrates that a prismatic dislocation loop does not, in
general, have minimum elastic energy in the pure edge
orientation* This orientation, for which the line length
is a minimum, is in fact shown to be one of tanstable
equilibrium. The displacement of the energy minimum
may be due to three causes. Firstly, as suggested by
Buliough and Foreman the interaction of the edge
components on opposite sides of the loop tends to tilt
the loop away from the edge orientation. This is
indicated by a consideration of the forces between a pair
of parallel infinite edge dislocations of opposite sign.
The pair tend to adopt an asymmetrical equilibrium 
( i t  )
orientation , the symmetrical orientation, in which
their extra half planes coincide, being one of unstable 
equilibrium. Secondly, the interaction between adjacent 
sides of the loop must play a part in displacing the 
equilibrium orientation, though it would be difficult 
to determine the extent of this effect. Finally, the 
variation in the relative amounts of edge and screw 
dislocation during rotation on the glide prism influences 
the orientation the loop takes up in equilibrium. This 
effect arises because a screw dislocation has less elastic
energy associated with it,per unit Tertgth than an
(11) *edge dislocation . Hence, as the loop rotates
away from the pure edge orientation, the elastic self­
energy per unit length of dislocation line decreases.
This effect is partly annulled, however, by the increase 
in length of the dislocation line during the rotation.
The magnitude of the displacement of the minimum energy 
orientation resulting from any one of the effects discussed jt
above is difficult to estimate. Nevertheless, the }
following analysis indicates that the interactions between | 
the opposite sides of the loop play an important part.
We consider an edge dislocation loop, on a square glide
c : - ■:
prism of side a, to rotate about one of its sides, so
that in general it will have rectangular shape. An
energy curve obtained using the analysis of ^  3 #4 is
shown in Fig. 3*7 (curve I) for rotations l|T of up to
31° from the edge orientation for a loop on a glide
prism of size given by a/b = 50• The energy has been
normalised with respect to that of the loop in edge
2orientation which, using units of yub 6 / 2tc (1-V), 
is 401,31# Part of the curve may, of course, be 
obtained directly from the energy contours of Fig.3,6(a).
An approximate expression for the elastic energy of the
- 115 -
loop has also been derived by the method of parallel 
pairs outlined in §2.4. In this procedure the self - 
energy of the loop sides and the interaction energy 
between opposite segments of the loop are estimated, 
but the interaction energy of adjacent segments is not.
The energy curve obtained by this method is also shown 
in Fig. 3*7 (curve II). The energy has again been 
normalised with respect to that of the loop in edge 
orientation which, in this case, is 478.70 in units
n
of yu b b / 2% (l-v). It may be seen that a displaced 
energy minimum is also predicted by the approximate 
procedure. This indicates that the interactions between 
the edge components on the opposite sides of the loop do 
play an important part in tilting the loop away from the 
edge orientation. It should be noted that the difference 
in the depth of the energy minima of curves I and II in 
Fig. 3.7 is iDrobably not a good measure of the interactions 
between adjacent sides of the loop which are neglected 
in the approximate method. This is because both the 
self- and interaction energies used in the approximate 
procedure are obtained from expressions for infinite 
dislocations. The self-energy terms employed, in 
particular, may not adequately represent the contribution 
each side of the loop makes to the total elastic energy.
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FIGURE 3.2.
A glissile parallelogram — shaped dislocation I 
loop, shown in bold lines, on a glide pri^m 
of rhombus cross-section bounded by ( i l l )  
and ( i l l )  faces.
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FIGURE 3.4*
Energy contours (continuous lines) and loop paths 
(broken lines) for loops on the glide prism shown in 
Fig* 3*2, plotted on the unit triangle defined in 
Fig* 3*3 (b). Results for four sizes of prism, given by 
&/b » 50,100,200 and 400 are shown in (a),(b),(c) and 
(d) respectively* The energy of loops in edge orient­
ation is taken as unity, and the energy values associated 
with the contours are indicated along the sides of the 
diagrams, + x denoting an energy of 1 + 0.00 x.
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FIGURE 3.5,
A glissile parallelogram - shaped dislocation 
loop, shown in bold lines, on a glide prism 
of square cross - section.
FIGURE 3>6.
Energy contours for loops on the glide prism shown 
Fig* 3*5* Results for four sizes of prism, given by 
a/5 =s 50,100,200 and 400 are shown in (a), (b), (c) and (d) 
respectively* The energy of loops in edge orientation is 
taken as unity, and the energy values associated with the 
contours are indicated along the sides of the diagrams,
+ x denoting an energy of 1 + 0.00 x. j
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FIGURE 3.7
The variation of energy with orientation for a 
rectangular loop on the glide prism shown in 
Fig.3.5, for a/6 = 50. The angle of tilt from 
the edge orientation (square loop) is given by 
T|I, and the energies are normalized with respect to
Curve I has been obtainedthat of the square loop
from the procedure of $*. <V \ and Curve II has been 
determined by the approximate method using pairs of 
parallel, finite dislocation segments.
CHAPTER 4
ELLIPSE - SHAPED DISLOCATION LOOPS.
4.1. Intro ducti on.
Results are presented in this chapter for the 
elastic energies of dislocation loops having elliptical 
shapes and various Burgers vectors. Unfortunately, it has
not been found possible to obtain an analytic expression for 
the energy of an elliptical loop with arbitrary Burgers 
vector, and so the energy values have been determined by 
numerical procedures. Due to the large amount of completing 
involved in such evaluations, it has only been possible to 
obtain results for a small selection of loop sizes and 
Burgers vectors. The energies presented are of considerabl 
interest however, because they are the only ones known to 
have been rigorously determined for elliptical loops, and 
they enable several qualitative comparisons to be made 
between the theoretical results and experimental obser­
vations .
In §4.2 the variation of elastic energy with 
orientation for a glissile loop on a glide cylinder of 
circular cross-section is investigated. The agreement
between the results of the analysis and the observed 
orientations of loops on circular glide cylinders is 
discussed, and comparisons are made with the results for 
loops on glide prisms of polygonal cross-section given 
in Chapter 3* Energy values for elliptical loops of 
equal area in both edge and slip orientations are 
presented in §4.3. The results are used to compare the 
equilibrium configurations of elliptical loops predicted 
by theory with those observed in practice, and they also 
enable a limited investigation to be made into the 
formation mechanisms of circular loops observed in certain 
face - centred cubic and body-centred cubic metals.
4.2* Dislocation Loop on a Circular Glide Cylinder.
4.2.1. Intro due ti on.
It was shown in Chapter 3 that a dislocation loop
c
rotating on a glide prism does not, in general, have 
minimum elastic energy in edge orientation. This 
feature was demonstrated to be a property of loops on both 
symmetrical and non-symmetrical glide prisms. In this 
section, the variation in the elastic energy of a 
dislocation loop rotating on a glide cylinder of circular 
cross-section is determined. The loop will in general 
have an elliptical shape. The results of this analysis
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are of interest because the circular glide prism forms 
a limiting case for glide prisms of symmetrical cross- 
section, In addition, unlike the loops discussed in 
Chapter 3, a loop on a glide prism of circular cross- 
section does not have a polygonal shape. It is 
therefore important to determine whether this has any 
influence on the orientation at which the loop has 
minimum energy.
Many of the dislocation loops observed by electron 
microscopy in thin foils are prismatic and appear to be 
elliptical in shape. The Burgers vectors of these loops 
may be found by an application of electron diffraction 
theory, but their orientations are usually determined by 
assuming each loop to be circular on a plane inclined to
the foil surface. In some cases, this procedure has
(
predicted that such loops lie in edge orientations; 
these observations would appear to be at variance with 
the results of Chapter 3* which suggest that a prismatic 
loop may not be in equilibrium in the edge orientation. 
This indicates that either the observed loops are not in 
edge orientation, and are thus not circular as assumed, 
or the circular loop with edge Burgers vector is in an 
orientation of minimum elastic energy. An investigation
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of the variation in the elastic energy of a loop on 
a circular glide cylinder is therefore of considerable 
interest.
4.2.2. Procedure.
A dislocation loop, rotated through an angle ijr 
from the edge orientation, on a glide cylinder of
circular cross-section is shown schematically in Fig.4.1.
crV : ' ' '
The system is referred to the orthogonal axes x,y,s,
where the z-axis coincides with the axis of the cylinder
and is thus parallel to the Burgers vector b. The loop
is shown to be rotated about the y**axis, and due to the
symmetry of the glide prism, rotations about this axis
are representative of all the possible rotations of the
loop. The shape and orientation of the loop are
completely defined by r, the radius of the cylinder,
and the angle Tjr.
The Id - cut variant of the Krdner procedure, 
which is described in §1*6.3j will be used to determine 
the elastic energy of the loop. The reasons for 
choosing this method will become apparent later.
The variables in equation (1.23) may be written in 
terms of the angle / defined in Fig.4.1 by making the
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following substitutions:
x a ■r cos /, y a r sin z = r cos / tan  ^ » 
x1 =s r cos 4 s , y* r= r sin , z* s r cos /* tan tf + 6 .
The Jb — cut estimate for the self-energy is then: 
2TC r 2n
f (/, <j' , t, r) d ,   (4.1)
— (1+v) s s * tan^ ill R*"^where f (/> / ’ » f , r) =
+ (R^ + J(c-cf )tan - 6/rp)R~*^(s s* sec^ l|J + c.c')J»
( V(c-c1 )^+ (s-s1 + pc-c')tan l|j - 6/rJ^ j
and
s = sin gf, c sz cos 9^, s’ = sin 9^* , c 1 = cos •
Due to the symmetry of the glide prism, (4.1) may be 
rewritten as
&7C
Et- ss 2 Q r ;
■2n
f (/j V  J **) cl #....(4.2)
It has only been found possible to evaluate (4.2) 
analytically for the special case when ijj =s 0. The energy 
expression thus obtained for the circular edge loop was 
given in § 2.3.4 , where the assumption that r > > 6 was 
made. Similarly, it has not been possible to obtain an 
analytic expression for the energy when ijj is non—zero 
either by the normal-*cut and planar-cut variants of the
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Kroner method, described in 1,6.3? oar by the procedure
, _ . (22) (25) using the general analysis of Burgers • The
energy has therefore been determined by numerical inte-
(46)gration using Simpsons rule , The reason for
using the Kroner _b - cut model to evaluate the elastic 
energy is that the integrand of (4.2) has a simpler 
form than the integrands of the corresponding equations 
obtained by the normal^cut and planar^cut variants of 
^  the Kroner method. The b-cut procedure therefore
gives rise to fewer computations than the other methods. 
All the Kroner procedures, however, may be more readily 
used for numerical integration than the method using 
Burgers' analysis.
Xt is important that the energies to be determined 
for loops on circular glide cylinders should be of 
sufficient accuracy to enable any significant displace­
ments of the energy minima away from the edge orientation 
to be detected. An examination of the results for the 
variation in energy of loops on rhombus and square glide 
prisms presented in §§3.3 and 3*4 indicates that the 
energies to be computed for loops on circular cylinders 
should be accurate to at least five figures. However, 
the integrand of equation (4.2) has a very pronounced
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•peak, of height (r/5)/j^2 + (l-v)s^ tan^ l]j J at /' = / 
for any value of q?% l|T and r. Equation (4.2) is 
therefore not convenient for numerical integration because 
the evaluation of the inner integral requires an except­
ionally large number of steps if the stated accuracy is 
to be attained. However, the integrand of the expression 
for an edge loop has approximately the same form as that 
for a rotated loop, but with a peak height of 2r/S. It 
is therefore convenient to rewrite (4.2) in the form:
o
.2%
g(^,/* ,l|j ,r )d
p 2%
+ I d gf f {<#,</' ,0,r)d / ’ f ,
< o * o .....(4.3)
where S f(^,/« ,l|T,r) - f (/,/* ,0,r) .
The function also has a peak at = gf for
all non-zero values of ijj, except when = o or %, but 
it is less pronounced than the peak in f (/, , l|J, r).
A smaller number of steps are therefore required for the 
evaluation of the first double integral in (4.3)* than 
are. necessary to determine (4.2) to the same accuracy. 
Due to the presence of the peak in g(^f,/1 j^»r), it is 
convenient to transform the integral in </’ into two
integrals. One of these is taken over the peak and 
thus requires a comparatively large number of steps for 
evaluation; the other is taken over the remainder of 
the range of integration. The first double integral 
in (4.3) may therefore be written as
*V+Y ** fjl 4-27C**Y
d i !,r)d + g(s^ j 4 % it ...•(4,4)
V O 1 % </~Y /+Y J
where 2Y is the width of the peak in g(0\/f ,j,r), The 
angle Y has been taken as 20° in all calculations, - The 
integration with respect to in (4.4) requires only a 
small number of steps for evaluation. An indication of 
the number of steps necessary for the evaluation of the 
integrals, in order that the energy obtained from (4.3) be 
accurate to five figures, may be obtained from Table III, 
This shows the number of steps used for loops in two 
orientations on glide cylinders of sizes given by r/5 
a 25 and 100,
The second double integral in equation (4,3) may be 
evaluated analytically, and is given by 2irvkTK(k)-»E(k)J ,
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TABLE III
The number of steps required in the evaluation 
of the integrals In equation (4>4) by 
Simpson1s rule.
Steps in Steps in Steps in
r/5 /-y ^ 4 9^ +Y 4 4 +^27t**Y 0 4 d 4
25
H O 0 120 80 6
30° 240 160 8
10° 240 80 8
100 0o
360 160 ' 12
Y has been put equal to 20° in all calculations.
where k » 2 j^ 4 + (6 / r )^ J , and K(k) and E(k) are 
complete elliptic integrals of the first and second kind
(47)respectively ♦ In the present treatment, values
of K(k) and E(k) have been determined from series 
expansions, which converge rapidly for values of k close 
to unity, given by Dwight The equation for the
elastic energy of a circular edge loop presented in 
§ 2,3*4 may be obtained from the above expression by 
making the assumption that r > > &, and adding the core­
surface traction correction.
For the elliptical loop, the energy contribution
arising from the work done by the core — surface tractions
may be determined by an application of equation (1.29).
At a point given by angle on the loop shown in
Fig.4.1, the edge component of the Burgers vector is given
Xo , o 2
by b(l — sin If sin <f) , and the length of the line element
t
o p **3z
r cos l|r (1 - sin If sin*” gf) ** d 4\
The total core-surface traction correction may thus be
shown to be
E^ ts —2 Q, r (l-2v) cos ijj IC (sin if) / (l«*v)» ••**•(4.5)
where K (sin |) is a complete elliptic integral of the 
(47 )first kind . In the present case, seven figure values
£ t \
of K (sin ^ ) given by Byrd and Friedman have been used
in the evaluation of Er . The total elastic energy of a
w
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loop rotated through an angle if from the edge orientation 
on a circular glide cylinder is now given by E = ET. + .
A.
4.2*3* Res^Ilts.
Numerical values of the energies of dislocation 
loops on circular glide cylinders have been determined by 
the method outlined in §4,2*2. Three sizes of glide
prism have been considered corresponding to r/5 = 25?50 
and 100. From the results, the energy curves, for 
rotations ijj up to 30° from the edge orientation, shown in 
Fig. 4.2 have been plotted, the energies being normalised 
with respect to those of loops in the edge orientation.
In units of ja b^ 6 / 4ft (l-v) these are 655.36? 1528.75 
and 3493*3*4 for r/5 = 25? 50 and 100 respectively, Poisson1 s 
ratio V being taken as 1/3 in all calculations. The main 
feature of Fig. 4.2 is that, within the accuracy of the
computations, loops on the glide cylinders considered have 
minimum energy in the pure edge orientation, at which they 
are circular in shape, This is the case even for a loop 
on the smallest of the three glide cylinders, which 
corresponds in cross-sectional area to a square prism of 
size a/5 jk 44*
f oss 30
the ratio of* the minor to major axes of the elliptical 
loop is only 0.866, However, the total time required 
on an X ,C .T, Sirius computer to obtain the energy curves 
presented in Fig, 4,2 was approximately sixty hours, and 
it was therefore not considered worthwhile to determine 
the energies of loops in orientations for which ijr is 
greater than 30°,
4.2*4, Discussion.
The results of ^4,2.3 clearly indicate that in 
general the minimum energy orientation of a prismatic 
dislocation loop on a glide cylinder of circular cross -  
section is that in which the loop has minimum perimeter 
and is pure edge in character. This result is in contrast 
with those of Chapter 3 which indicated that the equilibrium 
orientations of loops on square and rhombus glide prisms, 
the latter corresponding to a special case in the face - 
centred cubic structure, are in general tilted away from 
that of pure edge. Dislocation loops rotating on such 
prisms are, however, polygonal in shape, suggesting that 
the non ••polygonal form of the elliptical loop is
responsible for the symmetry of the equilibrium orientation
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of a loop on a circular glide prism. Evidence in 
favour of this was obtained in §3-5 where it was shown, 
that the interactions between the straight segments on 
the opposite sides of a loop on a square glide prism are 
likely to play an important part in displacing the minimum 
energy orientation. This mechanism is clearly not 
appropriate to the elliptical ioop on a circular glide 
cylinder.
(45 )Eyre and Bullough have attempted to determine the
variation in the elastic energy of a dislocation loop on a 
circular glide prism by a procedure in which a circular 
loop, initially in edge orientation, is rotated about a 
diameter. The loop radius is varied with rotation so that 
a constant defect volume is maintained, but the departure 
from circular shape which a loop constrained to move on a 
glide cylinder undergoes is not taken into account.
Their analysis predicts that small loops do not have 
minimum energy in the edge orientation, and is thus at
variance with the more accurate results presented in
§ (4 5 )4.2.3. Eyre and Bullough also present results
for a loop on a square glide prism, again neglecting 
changes in shape, and, as discussed in 3-4.3* these 
are in approximate agreement with the values derived in
p,4.2. The variations in loop sha£3e which Eyre and 
Bullough ignore are therefore seen to be much more 
important for circular loops# This may well be due, in 
part, to the fact that the length of the dislocation line 
is underestimated in their analysis for the rotated 
circular loop. For example, the perimeter of a loop 
rotated 30° from the edge orientation on a circular 
glide prism is approximately 0.5% greater than that of 
a circular loop of the same area. This error is not 
negligible in view of the small energy variations under 
consideration.
The orientations of the ellipse - shaped dislocation 
loops observed in thin foils of a number of quenched, 
irradiated■and deformed materials are usually determined 
by making the assumption that each loop is circular in
shape and lies on a plane inclined to the foil surface (see,
(4 ) (6 ) (44)(49)(5QK for example, references ). Each loop is
thus projected as the observed ellipse, and a determination 
of the orientation of the foil surface and measurements of
I
the major and minor axes of the ellipse enable the:loop 
plane to be found. This procedure has been used to show 
that dislocation loops in certain body - centred cubic and
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face-centred cubic metals are pure edge in character.
In these cases of. course, the exact shape of the loops 
must be irregular due to the restrictions imposed by the 
crystal structures, but in an approximate model, each loop 
can be considered to have a circular glide cylinder. The 
theoretical results of |j4.2.3 are therefore in qualitative 
agreement with the experimental observations, provided that 
these loops are circular in shape and not elliptical on 
other planes. The validity of the assumption is open to 
question, but this point will be discussed in the following 
section.
4,3* Elliptical Loops of Equal Area.
4.3.1* Introduction.
In this section, energy values are obtained for
elliptical dislocation loops having the same area but
different eccentricities. Energies for loops in edge
orientation are given in i|4.3«2> and results for a slip
loop with the Burgers vector parallel to either the major
or minor axes are presented in ^4.3*3* This is the
first rigorous treatment known to have been made for loops
( 51)of this type, but Crocker has determined the variation
in the energy of equal — area elliptical edge loops by 
an approximate method. His results are compared with the
more accurate values obtained here in <^4,3*^*
The work presented in this section is also of*
interest in the light of the results of § 4 .2, where it
was shown that a dislocation loop on a glide cylinder of
circular cross - section has minimum elastic energy in the
pure edge orientation. This was noted to be in qualitative
agreement with the observed orientations of loops in
certain face ~ centred cubic and body — centred cubic
metals. However, the question of whether the observed
loops are in fact circular in shape as assumed still
remains. The results of §4 ,2 show that the assumption
does not appear to be unreasonable in these cases, but an
investigation of the shape which an elliptical loop of
given area and Burgers vector takes up in equilibrium can
clearly give a further indication of whether it is valid
or not* An analysis of this type is also of value in
connection with the elliptical dislocation loops observed in
thin foils of neutron irradiated a - uranium, which has
a structure consisting of atoms at the sites of two
interpenetrating base — centred orthorhombic lattices,
■ (6)
Hudson et al, have determined the orientations of
these loops by assuming them to be circular on planes 
inclined to the foil surface. They find that the
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(assumed) circular loops are not in edge orientation,
in contrast with, the loops observed in body — centred
cubic and face — centred cubic metals. The basic
assumption that the observed loops are circular in shape
is therefore questionable in this case, as discussed by 
(51)Crocker , The application of the results of the
present analysis to these problems is described in
^4.3.4.
4.3*2. Elliptical Edge Loops,
An ellipse — shaped dislocation loop referred to an 
orthogonal set of axes x, y, z, and having semi — major 
and semi — minor axes h and k respectively, is shown in 
Fig, 4.3. The loop lies in the plane z = o and has 
Burgers vector Jb = |o, o, bj . It has not been found 
possible to obtain an analytic expression for the elastic 
energy of the loop by any of the methods described in 
Chapter 1. The energy has therefore been determined 
numerically, and, for the reasons outlined in §4.2.2, 
the KrBner normal-cut procedure was adopted. (The normal* 
cut and jo—cut procedures are, of course, identical for 
loops in edge orientation). The KrBner estimate of the 
self-energy of anedge loop using the normal - cut model
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is given by equation (1.24) on putting (z-z1) » 5. 
Equating the area, % h k, of the elliptical loop, to 
that of a circular loop of radius r, and denoting the 
ratio k/h by a, we have that:
h a r a k a r a (4.6)
In addition, the variables x, y, x* , y* in (1*24) may be 
changed by ptitting
x a h cos y a k sin /, x 1 = h cos /* , y* =
k gin V  ..... (4.7)
where the an-gle / is defined in Fig, 4*3* Equation (1.24) 
then becomes
f W i  /'» a, r) d /* .....(4.8)Ek  = Q r
where
and
f (/,/* ,a,r) =s (R*2 + 6^/r^)R (s s*/a + c c* a), 
R st f(c ~ c* )2 / a + (s - s' )2 a + 6^/r2 J ,
s = sin /, c =s cos /, s! = sin , c 1 = cos /* .
Due to the symmetry of the elliptical loop (4.8) may be 
rewritten as ■p-’lu/'A r»
....(4.9)Ek  « 4 Q r f (/, , a, £*} d
o
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Equation (4.9) may be evaluated analytically Tor the 
special case when a = 1, corresponding to a circular edge 
loop. The energy thus obtained was given in ^2.3*4, 
where the assumption that r > > 6 was made.
As noted in ^ 4.2.2, the loop energies determined 
here should be accurate to 5 significant figures* Equation
(4.9) is not, however, in a form suitable for numerical 
evaluation because the function f a, r) has a
pronounced peak at for any value of a, and r, and
a very large number of steps are required for the integration 
using Simpson1s rule. In a similar way to the procedure 
of ^4.2.2, it is therefore advantageous to put (4.9) iu the 
form: >%/2 2%
<%/2
d
2%
f(^,</V,l,r)d .....(4.10)
a o
where g(/, 4' , a, r) » f(^,/t ,a,r) - f( / , ,  1 ,r). A
/
smaller number of steps are required to evaluate the first 
double integral of (4.10) than are necessary to evaluate
(4.9) to give the same accuracy in E^. However, the 
function g w ,  yO,a,r) still has a small peak at = </ for 
values of a not equal to unity. Thus, the integration
has been carried out by putting the first double integral 
of (4.10) in the form:
*ft/2 f •v^ +Stc-Y '
d 4 \ g ( A / ! i^jr) d + s ( / > / *  ,a,r)d 4X
o >*i </mY v / + Y
  (4.11)
where 2Y is the width of the peak in g(^, /* , a, r).
This procedure ensures that the large step - density required 
in. the range of the peak does not lead to unnecessary 
computations for the remainder of the integration. The 
angle Y has been taken as 20° in all calculations, and, as 
an example, the number of steps required in the integrations 
with respect to /' for a loop with a =0 . 9  and size given 
by r/5 = 25 are 320 in each of the ranges
The
integration with respect to </ of (4.IS) requires only 8 
steps for the same loop. The second double integral of 
equation (4.10) may be evaluated analytically and it is 
given by TCk £K:(k) - E(kjJ , where k » 2 [4 + (6/r)2 ] 
Accurate numerical values of the complete elliptic integrals
occuring in this expression have been obtained from a series
(48) t »given by Dwight , as described in g 4.2.2.
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Using equation (l*29)» the total core - siirface
traction contribution which must be added to in order
to obtain the energy of an elliptical edge loop of area 
271; r and axial ratio a may be shown to be :
Ec = 4 Q r [ -d-2v) a,"^  E(k' )/2(l-v) ^ , ..... (4.12)
where E(k* ) is the complete elliptic integral of the
2 \ 4-second kind and k 1 a (1 •» a ) .  Numerical values of 
E(k*) for k f corresponding to arbitrary values of a are 
not, of course, available in tabulated form. Tables
giving E(sin ijr) for l|J in the range 0°(l°)90° are readily
(47) a-available however, and on putting k 1 as sin I|J these
may be used to evaluate E^ . given by equation (4.12). Only 
the energies of elliptical loops having a sa cos iff, where 
is an integral number of degrees, have therefore been 
calculated in this work.
The procedure outlined above has been used to determine 
the variation in energy with shape for an elliptical edge 
loop of given area. Loops of two areas corresponding to 
r/5 ss 25 and 50 have been considered and a has been varied 
in the range 0.75 4 a 4 From the results, the energy
curves of Fig, 4.4 have been prepared, the energies being 
normalized with respect to those of the circular loops. In
2units of* yub 6 / 4tc (l-v), these are 655*3^
1528.75.for the loops of area corresponding to r/5 = 25 
and 50 respectively, Poisson’s ratio V being taken as 1/3 in 
all calculations. The curves of Fig. 4.4 clearly show 
that for elliptical edge loops of the same area, the one 
corresponding to the degenerate case of a circular loop, 
a ss 1, has the minimum energy.
4*3*3* Elliptical Slip Loops.
A slip dislocation loop has its Burgers vector in the 
loop - plane, and in this work, only the special case 
with b a | b, 0, 0 J will be considered for the elliptical 
loop shown in Fig. 4.3* This configuration is, of course, 
equivalent to am elliptical loop with b = ■ £. 0, b, <3 J on 
inter changing the semi—  major and minor axes h and Ir­
respectively* It has not been found possible to evaluate 
the energy of the slip loop analytically, as was noted for 
the other elliptical loops treated in this chapter, and so 
the normal*cut. variant of the Kr&ner method has again been 
used to obtain numerical energy values. As in the 
procedure for the edge ellipse (^ 4•3•2), the loop area 
will be equated to Tur , and the axial ratio k/h will 
be denoted by a. By making the substitutions (4*6) and
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(4.7) In equation (1.25), the Kroner normal-cut estimate
for the energy of the slip ellipse is thus: 
%/2 r 2%
Eg. « 4 Q r C4*13)
where f (/,/’ ,a,r) = ~(l*v)s s* (aR)'"1+ [r2 + (c-c*)2/aj
| s s 1 / a  + c c f a  J
and the other symbols are defined below (4*8)* Again the 
integrals in (4,13) can be evaluated analytically for the 
special case when a  s 1 , corresponding to a circular loop, 
and the energy obtained from this, by putting r > > 5 and 
including the core - surface traction correction, is given
by letting b w o in equation (2.14)*s ...
As was the case for the elliptical loops studied in
.2.2 and 4.3*2 , the integrand of (4.13) contains a
peak at = / for all values of /, a and r. Xt is
therefore convenient to rewrite (4.13) as: 
t^%/2 *2%
d / §(/»/* ,a,r)dEk . 4 Q rj
o
r*7v/2 &  27U
f(/,/• , 1,r)d </* j
o d o
where g(/, /* , a, r) ■» f(/,^* >a,,r) - f(^,/f,l,r).
14 )
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Again, the function g(/,4 % ,a,r) has a small peak when 
</* =s /, and so the first double integral of (4.14) is 
evaluated in the form
' % /2 >/+Y •v /+2%-Y
d / | s(/>/t ,a,r)d /* + g(/»/* ,a,r)d /*
O v * 4+y
  (4.15)
where 2Y is the width of the peak in g(/,/*, a, r). The 
angle Y lias been taken as 20° in all calculations. Only* 
a small number of steps are required to evaluate the outer 
integral of (4.15)* Thus, for example, in order to obtain 
an accuracy of five significant figures in the total energy 
of a loop having r / 5  = 2 5  and a = 0.9, the number of 
steps required in the range 0 4 4  %/2 is only 8, whereas
320 steps are necessary in each of the ranges /*-Y 4 
and 4 + Y 4 ^*4 / + - Y . For a loop of the same area but
with a =3 0 .6, the corresponding number of steps are 16,480 
and 640 respectively.
The second double integral in £4.14) may be evaluated 
analytically, as was noted earlier. It may be shown to 
be given by:
% | (l-v/2) [K(l:)-E(k)]k-(3-v) [(k2-l )K(k)+(1-k2/ 2)E(k)]/k j,
IT O  *  2 v
where k a 2 14 + (6/r) | « Numerical values of1 the
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complete elliptic integrals K(k) and E(k) have been 
obtained from series given by Dwight ^48)^ as described 
in ^ 4 ♦ 2«2 •
Using equation (1.29), the energy contribution 
arising from the work done by the core - surface tractions 
may be shown to b e :
Ec = 2 Q r (3-2VX1-V)"1 a3^2
>n/2
-4-2 2 2 2 \ *  cos /(sin /+a cos /) d /.
o
..... (4*16)
Thus, for a loop with a ^  1, E^ is given by
Ec B 2 Q r(3-2v)(l-vr1a3/,2| K(k' )-E(k* )](k' )~2 , ..{4.17)
1
2 IT
where k f s* (l—a ) . When a ^ 1, the core -» traction 
correction is:
= 2 Q r (3~2v)fe.~v)-1 a*1
'i
K(k» 1 )-|k(kf * )*»E(k« » )J(k* 1 )~2 j
•.*••(4•18)
± 
2 2•j fcwhere k*1 » (l~l/a ) . As was the case for the edge 
loops, values of E^ have been determined by putting k !(or 
k* 1 )=s sin l|T, say, and using tables given by Byrd
Friedman (47)
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The total energy of the elliptical slip loop* with
+ E~. The o
integration procedures used to obtain Eg. have been carried 
out on an X.C.T. Sirius computer using Simpson*s rule. 
Energies have been calculated for loops of area 
corresponding to r/5 » 25 with a in the range 
0.4 ^ cl 1*1, and from the results the energy curve of 
Fig. 4.5 bas been plotted. The energies are normalised 
with respect to that of the circular loop, which, in units 
of Jx b & / 4ie (l-v), is 422.34. Poisson*s ratio V has 
again been taken as 1/3* The energy curve of Fig.4.5 
clearly demonstrates that an elliptical dislocation loop 
with its Burgers vector parallel to the major axis can 
have less elastic strain energy than a circular slip loop 
of the same area. For a loop of area % (25 5) , the 
effect is most marked when the minor to major axis ratio 
is 0.57, the energy of this loop being 3% less than the 
energy of the circular loop of the same area* The results 
also indicate that an elliptical loop with its Burgers 
vector parallel to the minor axis has a higher self •» 
energy than the corresponding circular loop.
b e jb, 0, o 1 , is finally given by E = Eg.
The total computer time used to obtain the energy 
curves of Figs. 4*4 and 4.5 was approximately 170 hours. 
The treatment of loops of other areas and eccentricities 
was therefore impracticable, particularly as the number 
of steps required increases with increasing loop area 
and decreasing values of a.
The energy values presented in ^ 4.3*2 clearly show 
that the equilibrium shape of a pure edge elliptical 
loop of given area is circular. This result is not 
unexpected since the loop with circular shape has the 
minimum perimeter and, unlike a loop restricted to move 
on a circular glide prism, the dislocation line does not 
change in character during deviations from this shape.
The only other results known to have been obtained for
( 51)loops of this type are given by Crocker . He
determines the variation in the elastic energy of an 
elliptical edge loop by assuming that the energy is 
proportional to the perimeter. The results obtained 
in this way for loops in an isotropic medium are shown 
as a broken curve in Fig. 4.4, where the energy of the 
circular loop is taken as unity. The curve may be seen 
to be of the correct form, but it is of course independent
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of loop area. In addition, the energies of non •* 
circular loops are over - estimated. This is probably 
due to the fact that the interactions between the 
dislocation line on opposite sides of the loop are 
neglected in Crocker’s analysis. It therefore ignores 
the fact that the segments at the ends of a loop diameter 
are opposite in sign and tend to attract, thereby lowering 
the loop energy,
The form of the energy curve given in §4.3*3 £or 
elliptical slip loops is also as expected, and is primarily 
due to the fact that an edge dislocation line has greater 
elastic self •» energy per unit length than a screw* Thus, 
an elliptical loop with its Burgers vector parallel to the 
major axis has a lower energy than a circular loop of the 
same area because it has a higher proportion of screw 
dislocation, whereas a loop with its Burgers vector 
parallel to the minor axis has a greater proportion 
of edge line and a higher energy.
It was suggested in §4.2,4 that the absence of 
straight segments in the elliptical dislocation loop is 
responsible for the symmetry of the equilibrium orientation 
of a loop on a circular glide cylinder. The ways in 
which the results of S&4.3.2 and 4*3*3 are influenced
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by the non polygonal form of the elliptical loop may be 
illustrated by determining the variation in the energy 
with shape for rectangular loops of fixed area* This 
has been done for the case of loops in edge orientation and 
for those in which the Burgers vector is parallel to the 
long side of the rectangle, by using expressions for the 
elastic energy of rectangular loops obtained from the 
general expression for a parallelogram - shaped loop 
^  presented in Chapter 3* From the results, the energy
curves shown in Fig. 4*6 have been prepared for loops of 
area 7t(25&) » where a is the ratio of the length of the 
sides of the loop* The energies have been normalised 
with respect to those of square loops, which, in units 
of yx b^ 6 / 4tc (1~v) are 689*88 and 43^*58 for the 
edge and slip loops respectively* Also shown in Fig.4*6 
are energy plots for elliptical loops of the same area 
taken from Figs. 4.4 and 4*5* It may be seen that the 
' form of the.energy curves for rectangular and elliptical 
loops of a given area are very similar, indicating 
that the non — polygonal shape of the elliptical loop 
does not strongly influence the results of this section.
The differences between the two curves of Fig. 4.6 for the 
edge loops primarily arise because as a decreases, the 
length of the perimeter of a rectangular loop increases
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less rapidly than that of an elliptical loop. The 
differences in the slip case, however, are probably due to 
the fact that for a given decrease in a, the increase in 
the proportion of screw dislocation line is greater for 
elliptical loops than for those of rectangular shape.
As was noted in ^4.2,4 , the orientations of ellipse - 
shaped dislocation loops observed in thin foils by electron 
microscopy are often determined by assuming the loops to be 
circular in shape on planes inclined to the foil surface. 
This procedure predicts that the loops observed in
irradiated body - centred cubic metals lie. in edge
t 4 (4)(49)orientations on illlj planes , and that those
in face — centred cubic metals are also pure edge in
character but on ilio} planes ^38)(50)^ results of
§4.2.3 show that a loop on a circular glide prism has
minimum energy in the edge orientation, and so indicate
that the assumption that the observed loops are circular
is probably valid in these cases. The results presented
in ^4.3.2 do in fact substantiate this conclusion for they
show that elliptical edge loops tend to have circular shape
in equilibrium and that a loop in edge orientation is
therefore likely to maintain a circular shape during growth.
The agreement between theory and experimental observation
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is only qualitative however, because it is probable that 
the loops do not form in the orientations at which they 
are observed.
(4 *>)
For example, Eyre and Bullough propose that the
loops observed in body - centred cubic metals initially
form as faulted loops on planes, and that the
stacking fault is removed by a shear described by the 
reaction
•| [ 1X0 2 + ■§ f 00lj|— » i  [ 11X]   (4.19)
They suggest that the resulting loop is circular in
shape and that it rotates to the {ill} plane during further
growth. The ways in which such a rotation occurs can be
partly investigated by making use of the work presented
in §§4.3*2 and 4.3*3* The results presented there suggest
that a loop with a Burgers vector having a slip component
may have an elliptical shape in equilibrium. Thus, a
loop formed by reaction (4.19) may, at some stage, take
on an elliptical form if growth, or change of shape due to
pipe «• diffusion, occurs before it reaches the { 111}
edge orientation. The equilibrium shape of an elliptical
2loop of area % (25 6) with the slip component of the
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Burgers vector parallel to its major or minor axes can be 
determined from the results of §§4.3.2 and 4.3.3. (A 
circular loop of this area has a diameter of the order of 
100 A° if 6 = b). For example, the Burgers vector Tb of a 
perfect loop on the initial (110) plane has an edge component 
b(2/3)2 parallel to £ll0J and a slip component b(l/3)^ 
parallel to J^OOlJ . If the loop is elliptical in shape with 
its major axis in the £oOlJ direction, the variation in its 
elastic energy with axial ratio a can be determined from 
Figs. 4.4 and 4.5* a curve showing this variation is 
presented in Fig. 4.7, where the energies are normalized 
with respect to that of the circular loop. In units of 
jix b 6 / 8tc(1-v) , this is 1155*37. It may be seen 
that if the loop assumes an equilibrium shape before leaving 
the (110) plane, its axial ratio will be 0.83. The loop 
thus has a glide cylinder with an elliptical cross-section 
of axial ratio 0.93* The glide cylinder is therefore only 
approximately circular, but the results of §4.2 suggest that 
the loop can lower its self-energy by rotating towards 
the (111) edge orientation.
The formation mechanism of the circular edge loops
/ a  O  \ / \
observed in face—centred cubic metals is probably
the reverse of that for loops in body — centred cubic metals.
That is, faulted loops initially form on the close -
packed { m y  planes, and after removal of the stacking
1fault by shear they have <110> Burgers vectors and can 
rotate to the observed { no} orientations.
The discussion presented above is, of course, purely 
qualitative, for even if the assumption that growth occurs 
while the non—faulted loop is on its initial plane is 
correct, loops of other sizes are likely to have glide 
cylinders with different cross-sectional shapes. In 
the absence of elastic energy results for elliptical loops 
of other areas, however, the analysis must unfortunately 
remain incomplete. Even if such results were available, 
the predictions of the theory would still not be conclusive, 
for the loops are likely to rotate before attaining their 
equilibrium shapes on the initial planes. In addition, 
growth may also occur at other stages during the rotations. 
Nevertheless, the analysis does suggest in a qualitative 
way that the loops are likely to be close to the edge 
orientations after rotating, and, as noted earlier, they 
tend to become circular if further growth occurs at this 
stage. The preceding discussion therefore illustrates 
that, yet again, analyses based on the results of isotropic 
elasticity theory can successfully indicate, if only 
approximately, the form dislocation loops assume when in 
equilibrium.
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Dislocation loops which appear to be elliptical
( 6)in shape have been observed by Hudson et al, in thin
foils of neutron irradiated a—uranium, which has a base — 
centred orthorhombic structure. They determined the loop — 
orientations by assuming each loop to be circular on a plane 
inclined to the foil surface. By this procedure it was 
deduced that the loops lie principally on the two types of 
planes ^110^ and {023} , and that a small number lie in 
(010) orientation. During neutron irradiation, a-uranium
contracts in the JlOOj direction and expands by an equal
r 1 (6)amount in the 1010 I direction, and Hudson et al.
proposed that these shape changes are due to the formation
of both vacancy and interstitial loops. The most likely
Burgers vectors in the a - uranium structure are J^lOoJ
and ■g <110>, and so in order to account for the macroscopic
shape changes, they suggested that the |llQ^ loops are
formed by vacancies and have £100] Burgers vectors, and
that the (023| loops are interstitial with ~  <110> Burgers
vectors. If these proposals are correct, however, the
(circular) loops in a-uranium do not lie in edge orientations?
in contrast to those observed in body — centred cubic and
face •*» centred cubic metals. The assumption that the loops
are circular is therefore questionable in this case.
( 51)Crocker discussed this problem in some detail, and
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suggested that the circular ^023*^ loops are, in fact,
elliptical and lie in the (010) orientation. The angle
between the (010) and (023) planes is 6l°t and the
macroscopic expansion in the |*01Q j| direction is more
satisfactorily accounted for if the postulated (010)
1
loops are interstitial with ~  <110> Burgers vectors. In 
addition, loops on (010) planes are closer to the edge 
orientations than those o n ^ 023^, so that in the light 
of the preceding analysis, Crocker*s proposal appears to 
be more reasonable.
(52)Hudson has now in fact confirmed Crocker*s
prediction, but has not determined the shape of the
( 51)(010) loops. Results presented by Crocker however,
show that the axial ratio of an elliptical loop which appears 
to be circular when projected onto a plane at an^ &ngle of 6l° 
to its own is 0.5* This is at variance with the results 
of isotropic elasticity theory presented earlier in this 
section which suggest that the (010) loops, whose Burgers
-  Q
vectors make an angle of only 2o with the loop normals, 
should be almost circular. Only a few (circular) loops 
are observed in (010) orientation and the anisotropy 
of a ** uranium therefore plays an important part in 
determining the equilibrium configuration of the (010) loops
( 51)as suggested by the approximate analysis of Crocker .
On the other hand, the conclusion that the vacancy loops 
are approximately circular on {lio} planes appears to be 
reasonable on an isotropic model, for the angle between 
the normals of these loops and their Burgers vectors is 
also only 26°. The reason why these loops do not rotate 
towards the edge orientation is not clear however, but 
it may well be that the crystallography and anisotropy 
of the a — uranium structure tend to inhibit glissile 
rotations.
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FIGURE 4.1
A glissile elliptical dislocation loop rotated 
through an angle l[r from the edge orientation on 
a glide cylinder of circular cross-section and
. radius r.
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FIGURE 4.2
The variation of energy with orientation for. an 
elliptical dislocation loop on the glide cylinder 
shown in Fig.4.1., for r/&. =25, 50 and 100. The 
energies are normalised with,respect to those of 
loops in edge orientation.
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FIGURE 4.3
An elliptical dislocation loop with semi-major and 
semi—minor axes h and k respectively.
- 162 -
•008 -
Perimeter/
0-9•i
FIGURE k.k
The variation of* energy with shape for elliptical edge 
loops with areas 7C ( 25 6)2 and % (50 &)? the energies 
of circular loops being taken as unity. The variation
in the perimeter of the loops is shown by the broken 
curve.
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FIGURE 4.5
The variation of* energy -with shape for an elliptical loop 
of area tu (25 6)^ with b parallel to its major or minor 
axes. The energy of the circular loop is taken as unity
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FIGURE 4.6
The variation of energy with shape for rectangular
1 2edge and slip loops of area % (256) • Similar
curves for elliptical loops of the same area are 
shown as broken lines. /
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FIGURE 4.7
The variation of energy with shape for an elliptical 
loop of area % (25 &)* on the ( 1 1  0) plane with its 
major axis in the [0 0 l] direction and with a 
£ [l 1 l] Burgers vector.
— 166 —
CHAPTER 5
THE ELASTIC SELF-ENERGIES OF UNDISSOCIATED 
DISLOCATION JOGS.
5*1# Introducti on.
The methods for determining the elastic energy of
an arbitrary dislocation line outlined in Chapter 1
have only been used in the preceding work to evaluate
the energies of dislocation loops. Nevertheless, these
standard procedures may also be used to obtain analytic
expressions and numerical values for the elastic energies
of other dislocation configurations. As an example, the
elastic energy associated with a jog on a dislocation line
is determined in this chapter. The results of this
treatment are of interest because the creation of jogs on
dislocation lines plays an important part in many theories
of the deformation of crystalline materials. For example,
phenomena associated with low temperature creep, the elastic
limit, infernal friction, and hardening have been attributed
( 7 )to this type of defect . It is therefore desirable to 
obtain reliable values for the elastic self -energies of 
jogs, including those of small dimensions which may arise
- 16? -
from the intersection of dislocation lines.
Analyses for the determination of the elastic 
energies of jogs have been described previously by Kroupa 
and Brown and Wallace et al. » who base their
( 21)procedures on the standard energy methods due to Yoffe 
( 23 )and Krdner respectively. The energy expressions
obtained in these two treatments are different from each 
other. In addition, both analyses give negative elastic 
energy values for jogs less than about five core - radii 
in length and the results obtained are therefore unsatis­
factory. The problem has been re-examined using a more 
rigorous analysis which is outlined in ^ 5.2; the analytic 
energy expressions obtained are also presented in this 
section. Numerical values of jog energies are given in 
§5*3» together with those determined by less rigorous 
treatments. The errors and limitations involved in the 
present analysis are discussed in 5.4 and comparisons 
are made with the results of the previous workers.
5*2. Procedure.
/ oo ) ( cj o \
Like Kroupa and Brown and Wallace et al. %
only jogs which are perpendicular to infinite straight 
dislocation lines are considered in the present work. A
jog of this type having length a and referred to the
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cartesian axes x,y,z is shown schematically in Fig.5*1* 
Three cases are considered, corresponding to the Burgers 
vector Tb being parallel to the three reference axes.
For the case where the Burgers vector is parallel to the 
x — axis, the superscipt E-S is used, denoting an *Edge* 
jog on a 1 Screw1 dislocation line, as indicated in the 
figure. Likewise, the configuration for b parallel to 
the y — axis is represented by S-E (*Screw* jog on an 
*Edge* line), and the superscript E—E (*Edge* jog on an 
*Edgef line) is employed for b parallel to the z-axis.
Elastic self-energy estimates corresponding to these three
E—S S—E E—Ecases are denoted by E , E and E respectively.
The normal-cut variant of the KrBner method, 
described in ^ 1.6.3, is used here to obtain an expression 
for the self - energy of a jog, and the result will be 
denoted by (Eg) • We may consider the two interacting 
dislocations C and C ’ of the Kroner method to extend from
-R to +R as indicated in Fig.5.1, and, in the normal— cut
treatment, to be separated by a distance & normal to the 
xy - plane. The Kr5ner estimate of the energy of the 
dislocation line, including the jog, shown in Fig.5.1 can 
be determined from equation (1.24) when b = |Q,0,b ~ j or
b , b , 0 J , and if may be written
INR, 6) I , where a, is the term involving
the Burgers vector and the elastic constants. On 
putting a ss o in this expression, a value for the self- 
energy of a straight dislocation line is obtained,so 
that .
N
( * lim
R
|EK (a,a,R,6)] - [kK (a,o,R,6)] (5.1)
N
As described in gl,6.3i the expression for tsp must be
corrected for the contribution to the elastic energy due
to the work done by the tractions on the surface of the
dislocation core. This additional energy, which we shall 
Ndenote by , may be determined from equation (1.29).
Thus, for the three Burgers vectors defined above, the
e W C _ ' N,, . | ^ E—S* i * i _E—E\three energy expressions } , \E ) and \E }
for the jog self-energies are obtained by the addition of 
_ N _ N N
the terms ) , (Er~ ) and ) to the energies
„ N N _ N
 ^ I' an<* (®g; \ respectively.
The following analytic expressions for the energies 
of the three jogs under consideration are obtained 
the procedure outlined above:
where K = yu. / 4rft{l-v) and r = a/6. It should be noted 
that since the energies of jogs of small dimensions are of 
considerable interest, approximations resulting from making
'f*
the assumption that a > > 6 have not been made here, unlike 
the case for the dislocation loops studied in Chapters 2 
and 3, where it was assumed that the dimensions of the 
loops were large in comparison with 5. However, in the 
case of long jogs for which a > > 6, equations (5.2) - 
(5.4) reduce to
* 2
(e ""0 ^ ss K 6 r |/.n( 2r)-( 9"14v + 4v^)/%(1-V ) j,
.....(5.5)
* 2
{eS"E } « K 6|b^ r |(l~v)in(2r)-(2-v) | , .....(5*6)
* 2
IeS~E> s K 6(bB'E t r |Ati(2r)-(5-6v)A(l~v) j ......(5.7)
Fory very long jogs, the assumption that i.n(a/5) > > 1 
may be made and the energy expressions then become :
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where A s= K a in (2a/5). Thus, as expected, for very 
long jogs of equal length with Burgers vectors of the 
same magnitude, the elastic energy of jogs having screw 
character is (l~v) times that of those with edge character.
5 *3* Numerical Values of Jog Energies.
Equations (5.2)-(5.4) have been used to calculate 
the elastic self - energies of jogs of different lengths, 
and curves showing the variation of the energies 
(e } ,, (e and ^E ^ J with jog lengths of up
to 40 6 are presented in Fig. 5.2. The energies are in 
units of yu b 6 / k% (1-V), where b is one of the three 
Burgers vectors defined in ^5.2, and v has been taken as 
1/3* It may be seen from the curves that, as expected, 
the energies decrease to zero as the jog lengths decrease 
to zero.
In order to compare the predictions of the three 
sets of equations presented in {j5.2, the numerical values 
of jog energies obtained from these expressions for a/5 
as 40 and 10 are given in Table IV. It is immediately 
clear ££om the table that equations (5.8) are not valid 
in the range of jog sizes considered; even for the 
comparatively long jogs corresponding to a/5 » 40, they
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TABLE IV
ELASTIC SELF - ENERGIES OF JOGS.
a/6
bE—S b >—E Eb -E
10 4° 10 40 10 40
E 14,60 106,25 5.81 52,81 18.78 130.30
*
,E 12.04 103.61 3.31 50.19 18.71 130.28
* *
E 29,96 175.28 19.97 116,85 29.96 175.28
EP 12.99
• -o' 104.52
4.26 51.09 19.85 131.37
13-29 108,61 3.31 50.19 9.96 95.37
2The energies are in units of yut b 6/4tc(1-v ), 
where b is one of the three Burgers vectors•
' ' ' ■
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give errors of up to 65%• Equations (5*5)'"’(5*7) do
give acceptable energy values for jogs of length
* *
a ts 406 , but at a/6 = 10? and ( }  deviate
by 20% from the more accurate energies. It is thus clear 
that great care has to be exercised in using approximate 
expressions for the elastic self — energies of jogs.
For small jogs, corresponding to (a / 61 < 10,
the approximate energy expressions presented in |5*2
are certainly inadequate. The more accurate energy
values for short jogs given by equations (5*2)~(5*4) are
shown in the inset plots of Fig,5,2, It may be seen
that the energy curves behave in a rather complicated
manner, but that all three tend to zero as the jog lengths
decrease to zero, It is disturbing to find, however,
Nj E-E Vthat the curve \E f becomes negative for jogs of 
length a / 6 <1, because a jogged dislocation line does 
not have less elastic strain energy associated with it 
than a straight one. It therefore appears that small 
errors exist even in the rigorous procedure described in 
^5*2, This problem is discussed in the following 
section.
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5*4, Discussion.
Before comparing the results of the present analysis 
with those of previous workers, if is convenient to consider 
the accuracy of the energies obtained here. The procedure 
outlined in ^5*2 is comparatively rigorous because, 
unlike the treatments for dislocation loops described in 
earlier chapters, approximations, based on the assumption 
that the jog dimensions are very much greater than the 
dislocation core radius, were not made. The results 
"presented in Table IV show that when such approximations 
are introduced, they lead to substantial errors in the 
energies of short jogs. Nevertheless, the more accurate 
energy expressions presented in ^ 5*2 are not exact because 
the energy contributions due to the work done by the core - 
surface tractions which have been included were derived 
from an analysis for a straight infinite dislocation line. 
The effect of the corners in the jogged dislocation line 
on these energy corrections has therefore not been taken 
into account. It was noted in the preceding section 
that b E-E> is negative for jogs of length a < 6, and 
it is likely that the errors involved in ignoring the 
comers in the core surface are responsible for this
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unrealistic result* It would thus appear that the
energy contributions due to the corners in the core
surface of a jogged dislocation line are not negligible
for very short jogs. Unfortunately, expressions for
these contributions to the total elastic energy are not
available, and so a direct assessment of the effects of.
neglecting the corners on the results of the present work
is not possible. However, an indication of the ways in
which they might influence the results may be obtained
by using a different mathematical cutting procedure to
evaluate the jog energies, The energy expressions
presented in §5.2 were obtained by a normal - cut
method, but similar equations may be derived by a planar -
cut procedure in which the cut used to generate the jogged
line shown in Fig. 5.1 is taken to be in the plane
z ss 0. The planar - cut variant of the Kroner method
has thus been used in a similar analysis to that
described in ^ 5•2 to obtain jog self •* energy estimates
for the three Burgers vectors defined in ^5.2 .
On adding the appropriate core - traction corrections 
P obtained from equation (1,29)j the following 
expressions for the elastic energies associated with the
three types of jog are obtained:
) =s(K/2)6ib f^ *l + "" "" r ^1-2v)/
*'2(X*» V ) J, *..*.(5.9)
P 2
(e S~B ) =(K/2)6<bS-EV J(l-v)G:l + G2 -(2-v )Q3 J , .....(5.10)
(eE"S ) =(K/2)6(bE“E) [gx + Gg - 2 G3 +
r (3-2V) / 2(1—V) 1 1 .....(5.11)
where G^ =. Sj_+ + ■a1_ » 62 = G2+ + G2** ’
i i 2 1
G^= | £(r+l )2+ 1J + £(r-l)2+ l| — (2) + 2 sinh •"1( 1) ?
“f* *f*
=s (r _+ 1) sinh "^(r + l) ; = sinh j r _+ 1 | ~*
. r as a/6 ,* K ss / 4 % (l « v ) •
It will be noted that the three energy expressions are
invalid when a/6 s* 1 because they contain the term
**"1 ]L ■sinh. ( j a/6 - 1 | ) and thus give infinite energy
values for jogs of length 6, However, the addition of
energy contributions due to the comers in the core surface
would presumably give finite total elastic energies for
jogs of this length. Equations (5 • 9 )"*(5 • H )  do, of
j .
course, give zero energies for jogs of zero length, and in 
the case of long jogs, for which a/5 > > 1, they reduce 
to equations (5*5) - (5*7) respectively.
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Energy curves obtained using equations (5.9)-(5*11)
for jog lengths in the range 2 ^  a/5 ^  l*fc are shown as
broken lines in Fig. 5*3> together with the curves for
the normal*cut procedure presented in §5*3» The energies
are in units of yu b 6 / (l—v) , V being taken as 1/3*
Numerical values of the planar*cut energy estimates for
jogs of length a/6 = ^0 and 10 are also included in
Table IV. It can be seen from the figure and the table
that the energy values determined by the two cutting
procedures for a jog of given length and Burgers vector
are slightly different, indicating that, as in the case
of a straight dislocation line, the work done by the
tractions on the core surface of a jogged dislocation is
dependent on the location of the cut used to generate
B-E Nthe dislocation. Also, since the curves ( E "" ) and 
p
( S~E\E j of Fig. 5*3 become negative for short jogs, it 
is probable that the correction to these two energies due 
to the presence of corners in the dislocation line is 
positive. It is of course possible that the exact 
energy plots lie approximately mi.d-way between each pair 
of approximate curves, but in the absence of an expression 
for;the core - traction correction for a jogged dislocation, 
the form of the exact curves is open to speculation.
The plots of Fig. 5*3 do suggest however, that the errors
involved in the present analyses are small and that the 
energy curves are of the correct form for all but the 
smallest jogs.
The energy results presented in Fig. 5.3 also provide
information on the approximations which may be made in
more exact analyses for determining the elastic energy
associated with a dislocation jog. If we denote the
core «• surface traction energy associated with a comer
by E . then the exact elastic self - energycorner
of a jog with Burgers vector b ^ or
may be written :
N N
E = U >  + 2 ^ c o r n e r 1 ’   (5*12)
where |E) is given by equations (5.2)~(5#4) for each
Burgers vector respectively. In the case of a planar — ■
cut model, the cut is on the inside of one corner, the
1 inner-*planar cut* corner, and on the outside of the other,
the *outer-planar cut1 corner. Denoting the difference
between the core — surface traction corrections for the
two corners and a straight dislocation line by
^ corner* and IE I respectively, theV  corner “ J 1) ■ ■ ■ ■ ■ ■ ■ ■ ■
exact self - energy of a jog with one of the Burgers
. . E-S . S-E . E-E . .vectors b , b or b xs:
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E = (E 'f* + (e \ I,P + (e \0#P' 1 \ corner ’ i corner?
..... (5.13)
Here {s)P is the planar-* cut estimate given by equations 
(5.9) *• (5.11) for each Burgers vector respectively. The 
energies given by equations (5*12) and (5 .13) for a given jog 
are identical, for, as noted in Chapter 1, the exact elastic 
self—energy is unique and independent of the choice of 
^ cut. They are also identical, of course, when the
assumption that a > > 6 is made both in the expression for 
the energy arising from the cut and in that for the energy 
associated with the tractions on the core-surface. On 
subtracting (5.12) from (5 .13) we obtain:
- iE>N]= j2 (Ecorner f  " [^corner?1 ^
+ (Ecorner*0 *P J }
It can be seen from the curves presented in Fig. 5-3
that for a given Burgers vector, [(E)P - (E)N ] is
approximately constant for jogs of length a/5 > 6 .  In
addition, the differences are approximately the same for
E—S S**Ethe two types of jog with Burgers vectors b and b
It wrould thus appear that for jogs of length a/5 > 6 the
;
comers may be treated as being isolated from each other, 
and that almost exact energy values for such jogs may be
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obtained by deriving the appropriate core-*traction 
corrections from those of a dislocation with only one 
corner, For shorter jogs however, [(E)P - (E)N ] 
for a given Burgers vector is no longer constant, and 
very accurate energy values may only be obtained by 
determining the work done by the tractions on the core - 
surface of a dislocation with two corners. In particular, 
an accurate estimate of the elastic energy of a unit jog, 
which may arise from the intersection of dislocation lines 
and has length a / 6 = 1 if 6 = b , may only be evaluated 
by such an exact procedure.
The preceding discussion has indicated that the
energy values obtained in the present work are reasonably
accurate for all but the smallest jogs, and it is therefore
now possible to consider the results of previous analyses.
The first known treatment of the problem was by Kroupa 
( 33 )and Brown who derived expressions for the self -
energies of jogs from equations for the elastic energy 
of rectangular dislocation loops. They noted that two 
jogs can be formed on an infinite straight dislocation line 
if it is combined along part of its length with one of the 
sides of a rectangular loop of opposite sign. The total 
elastic energy of the dislocation with two jogs is thus
*e l i n e + e l o o p + M  > where e l i n e and e l o o p are the
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self—energies of the line and loop respectively and
is the interaction energy between them* Kroupa and 
(33 )Brown define the energy associated with the two jogs
to be (e l o o p + * ) and divide it into two parts; the
part which does not depend on the distance between the
jogs is defined to be twice the self—energy of one of them,
and that which is dependent on the separation is then the
interaction energy between the two jogs* (It should be
noted that in the more rigorous treatment presented in
due to the presence of terms in E^.(a,a,R,5) and
E-£(a ,0 ,R ,6 ) which are independent of both a and R, it is
not possible to replace equation (5*1) hy an expression
involving those terms in E^(a ,a ,R ,6) which are independent
(33)of R ). Kroupa and Brown did not include contributions
due to the work done by the core - surface tractions in their 
jog energies* However, when the appropriate correction 
terms, calculated from equation (1*29) for the case of a 
planar cut, are added to their results, equations (5*5) - 
(5*7) of the present work are obtained. It is therefore 
clear that Kroupa and Brown have also assumed that 
a/5 > > 1. Their expressions are thus subjected to two 
approximations which are principally responsible for their 
prediction of negative values for the energies of small 
jogs; the preceding discussion has indicated that there 
is no breakdown in the elastic approximation for small jogs,
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as Kroupa and Brown suggest in their paper. A more 
disturbing feature of their results however, is that they 
appear to be inaccurate even for long jogs. Thus, as 
indicated in Table IV, E is approximately ^0% less
than the more accurate values when a/6 » %Q.
( 53 )Wallace et al. have attempted to determine the
elastic self-energy of a dislocation jog using the
KrBner method, but they do not include the contributions
J  . ■ . . . . . .
due to the core - surface tractions in their expressions
and they do not indicate which mathematical cut they use.
Their results are, in fact, quite inconsistent with those
found in the present work and the analysis of Kroupa and
Brown. This cannot be due, as Wallace et al. claim, to a
difference between the cut - off of the dislocation cores
in the different analyses because, as described in
Chapter 1, the separation parameter t of the KrBner
method must be equated to the core radius 6. The results
of these authors would thus appear to include algebraic
errors. In addition, their energy expressions give
non - zero elastic energies for jogs of zero length,
(53)Wallace et al. do appear however, to have attempted
)
to treat the case of small jogs, as their expressions 
contain terms in 6/a in addition to the logarithmic terms.
183 -
Nevertheless, their procedure does predict negative 
elastic energies for small jogs. They assert that their 
expressions for the elastic energy are correct for small 
jogs, and that the negative values arise because of the 
neglect of the core - region in the elastic model.
Wallace et al. therefore suggest values for the energies 
associated with the core regions of the jogs, apparently 
chosen so that, when added to their elastic energies, 
they obtain simple equations for the total energies.
The expressions they present for the total jog energies 
are equivalent to equations (5*8) of the present work on
a parameter assuming different unspecified values for 
the three different jogs. A treatment of this type is 
quite inadequate because only very approximate values of 
dislocation core energies are at present available. The 
procedure of Wallace et al. therefore cannot give 
satisfactory quantitative values for jog energies and can 
only provide, at best, a qualitative description of the way 
in which these energies vary with jog length and Burgers 
vector. The introduction of arbitrary parameters which 
depend on the energy of the dislocation core cannot make 
up for an inadequate analysis for determining elastic 
strain energies.
+ a {, a being
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x = R
z
F I G U R E  5 . 1
A dislocation jog of length a on a dislocation 
line referred to the cartesian axes x, y, z.
The Burgers vector has components
b ^ b ^ ^ and b ^ ^ parallel to these axes.
O IO 20 30 40
a/6— $>
' ' -> ' ■ v
FIGURE 5.2
The variation in elastic energy>obtained by a normal- 
cut procedurefwith length for jogs with Burgers 
vectors defined in Fig, 5*1.
V^,\ 1^gfirrt-J^ t>"**1TlMir'(M>nrinnnni>nil,T
/
/
FIGURE 5.3
The variation in elastic energy with length for jogs
■ /
with Burgers vectors defined in Fig.5*1* Continuous
curves: normal-cut procedure* Broken curves: planar-cut procedure*
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CHAPTER 6
DISCUSSION AND CONCLUSIONS
6.1* Introduction.
The relative merits of the procedures which have been 
used throughout this study to determine dislocation strain 
energies are discussed in § 6.2* Emphasis is placed on 
the convenience of the various methods in treating a given 
type of loop* In § 6 .3, the assumptions which have been 
made in the work presented here are reviewed. The 
approximations employed in the analyses are discussed in 
detail) particular reference being made to the ways in which 
the neglect of both the second order terms in 6 and the 
corners in the core surface of a dislocation loop, might
j
influence the results of preceding chapters. The more 
general limitations arising from the use of isotropic 
elasticity theory, the neglect of the core energy and finite 
crystal sise are also briefly considered. The results 
of a preliminary investigation into the elastic energy 
associated with double - faulted dislocation loops observed 
in aluminium are presented in §6.4. An expression for the 
interaction energy between the two loops of each double- 
faulted defect is given, and this is used to discuss the
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relative energies of single - faulted and double — 
faulted loops. Concluding remarks on the work presented 
in this thesis are made in §6.5*
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6.2* Methods for Determining Elastic Energies.
The standard methods for determining the elastic 
energy associated with a dislocation loop in an isotropic 
medium of infinite extent have been reviewed in detail 
in Chapter 1. In most cases, it has been possible to 
present the equations required to obtain loop energies in 
simplified forms. The methods most widely used in this 
thesis are those due to Yoffe (§ 1.6*2) and Kr8ner (§ 1.6*3) 
the procedure due to Li ( § 1.7.2), which is simply a 
variant of the standard Yoffe method, has been used to a 
lesser extent, Much confusion has arisen over the value 
to be given to the separation parameter t of the ICrdner 
procedure, but the work presented here has shown 
conclusively that t must always be put equal to &, the 
dislocation core radius. Bullough has now provided an 
analytic proof of this relation ( § I.6 .3 ). As stressed 
by Bullough and Foreman however, the various energy
methods do not give the total elastic energy as each 
ignores an important contribution arising from the work 
done by the tractions on the surface of the dislocation 
core. ' This energy correction is not constant for a 
given loop, but depends strongly on the configuration of 
the mathematical cut which is used to formally generate
the loop. The work described in this thesis shows that 
to a first approximation, a unique solution may be obtained 
for the elastic energy of a dislocation loop by including 
the core — surface traction correction.
In the analyses described here, particular emphasis 
has been placed on the comparative simplicity of the 
various methods for determining the elastic energy of a 
given loop. It has been found that an accurate estimate 
of the core — surface traction correction may be easily 
obtained for all but the very smallest loops. Thus, in 
deciding which method to use in practice, it is the effort 
involved in deriving the major contribution to the total 
energy which is important. It has been shown that when 
analytic energy expressions are required, the algebra of all 
the procedures discussed can be extremely tedious. Never­
theless, the following conclusions may be drawn. For a 
dislocation loop of polygonal shape, the Yoffe method and 
the variant due to Li are the most convenient procedures 
to use; the energy of such a loop may be readily obtained 
by these methods if use is made of the equations derived 
in Chapter 1. The procedure due to Li, in which the 
polygonal loop is constructed from finite dislocation 
segments, has not been used as widely as the Yoffe method, 
but the work presented in Chapter 2 has indicated that it
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gives rise to a slightly shorter analysis. These 
methods employ a planar cut configuration, but in one 
special case, a loop was constructed from angular 
dislocations in a manner simulating a normal cut. The
resulting analysis was, however, extremely complicated.
Of the various models which may be adopted in the Krdner 
method, the one employing a planar cut has been shown to 
produce the simplest algebra.
In the case of non-polygonal loops, it has not been
found possible to obtain analytic energy expressions by
either the Yoffe or bl procedures. The general analysis 
(22)of Burgers , on which these methods are based, may be
used, but as noted in the treatment of circular loops, it 
leads to a very long analysis. It is therefore concluded 
that the variants of the Krdner method are the most 
convenient to employ for loops of non-polygonal shapes, 
and, again, the planar-cut procedure is to be preferred.
Other methods for obtaining an analytic expression 
for the elastic energy associated with a dislocation loop 
have been described in the literature. The procedure 
due to J^ssang et al. (,§1.7.3) maY be used for a
j
polygonal loop, the energy being obtained by summing the
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self- and interaction energies of the straight segments
from which the loop is constructed. This method has
only been used in the present work for the special case
of a triangular edge loop, and it did not appear to be as
convenient to use as the procedure due to Li. However,
the analysis indicated that the method of J^ssang et al.
may well be more suited to the study of loops having more
( 25 )complicated shapes. Nabarro has evaluated the energy
of a circular slip loop by obtaining expressions for the
stress field of the loop from Burgers* theory. This
method has also been used in the present work to determine
the elastic energy of the circular edge loop, and, as
noted above, the resulting analysis was found to be much
more tedious than that arising in the Krdner method. The
circular loop in edge orientation has also been treated 
( 35 )by Kroupa , who derives the required stress component
from first principles. The algebra in Kroupa*s published 
account also appears to be more complicated than that of 
the Kroner procedure.
The analytic treatments of loops having more complex 
shapes than those studied here may well be so involved
■ C  _ . ■ ' . . ■ _
that it would be worthwhile resorting to numerical methods 
for determining the energy values. For other loops, it 
may not be possible to obtain analytic energy expressions,
as was the case for the elliptical loops treated in 
Chapter 4, and again numerical procedures must be 
employed, Xn deciding which energy methods to use in 
these cases, the one which gives rise to integrals having 
the simplest forms should be adopted. It has been concluded 
from the work presented in Chapter 4, that the ICrdner 
procedures are particularly suited to treatments of this 
type.
6 .3. The Approximations Employed.
6»3*3L* Introduction.
The models used to determine elastic energies in 
this thesis describe to only a first approximation the 
nature of dislocations in crystals. The main deficiences 
clearly arise through the use of isotropic elasticity 
theory and the neglect of the energy of the core region. 
However, further approximations have been introduced into 
the analyses in order to obtain the elastic energies in a 
convenient way. The first of these arises, in the case of 
dislocation loops, from making the assumption that the 
length of the sides of the loops are very much greater 
than the core radius, so that second order terms are 
neglected. The second is due to the use of expressions 
for the core — surface traction corrections for an 
infinite, straight dislocation line. These two
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approximations were discussed in relation to the elastic 
energy associated with dislocation jogs in Chapter 5» 
and it was noted that only a qualitative assessment of 
their effects is at the moment possible. This is 
also the case for loops, and an indication of the ways in 
which the approximations might influence the results 
of Chapters 2 -* 4 is presented in § 6.3*2. The more 
general limitations which arise through the neglect of 
anisotropy, the dislocation core energy and finite 
crystal size are briefly discussed in § 6 ,3.3.
6.3.2. Approximations Employed in the Analyses.
As noted in § 6.3.1 , the elastic energies of 
dislocation loops, situated in isotropic media of infinite 
extent, obtained in the present work are not exact. 
Approximations have been introduced into the analyses in 
order to avoid the very complicated algebra which would 
otherwise result. In general, two approximations have 
been made, and both are based on the assumption that the 
dimensions of the loops are very much greater than the 
dislocation core radius 6 . In Chapters 2 and 3> this 
has resulted in terms of order 6 in the expressions for the 
energy estimates or E^, being neglected in comparison
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with similar terms containing the lengths of* the sides 
of the loops. This approximation was not made in the 
treatment of elliptical loops in Chapter 4 since the 
estimates for Eg. were obtained by numerical procedures. 
However, the other approximation has been made in all 
the cases studied here. It is due to the fact that the 
energy contributions arising from the work done by the 
core surface tractions, which have been included, were 
derived from an analysis for a straight infinite 
dislocation line. Thus, the effect of the corners 
in the surface of the dislocation core on these energy 
corrections has not been taken into account.
The influences these two approximations have on 
elastic energy calculations for dislocation jogs were 
discussed in § 5*4. It was found that when second 
order terms in 6 are included in the energy expressions, 
so that the remaining errors are due to the neglect of 
the corners in the core surface, the energies obtained 
are only unreasonable for jogs having lengths less than 
about 6 6• Small errors still exist in the absolute
C   ^ _ .
energy values for larger jogs, but it was shown that these 
are likely to be unimportant. The complexity of analyses in 
which second order terms are included for polygonal loops
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precludes similar treatments being carried out at the moment
for the loops studied in Chapters 2 and 3. However,
the dislocation loops considered there have areas of at 
2
least 2000 6 • It is therefore probable that the 
errors introduced into the absolute energy values 
presented in Chapter 2 by ignoring the second order 
terms are negligible. More serious perhaps, are the 
effects of such approximations on the results of 
Chapter 3 j where small correction terms could easily 
alter the orientations at which loops have minimum 
energy. In the absence of energy expressions 
involving second order terms and energy contributions 
due to the core corners of a parallelogram *• shaped loop, 
the discussion must, of course, remain speculative.
However, an attempt has been made to determine the ways 
in which the approximations might influence the results 
of Chapter 3 by using different mathematical cuts to 
obtain expressions, including second order terms, for the 
energy of a rectangular loop. These may then be used to 
study the variation in the energy of a loop rotating about 
one of its sides on a square glide prism, and the 
results compared with the more approximate analysis of 
§ 3.4. In addition, they enable energy estimates 
using the various cuts to be obtained for square loops in
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edge orientation, and thus provide an indication of the 
errors which have been introduced into the energy values 
for symmetrical loops presented in Chapter 2.
Expressions for the energy of a rectangular loop 
on a square glide prism have been obtained using three 
different mathematical cuts; two of these lie in the 
plane of the loop, one inside the loop and one outside, 
and the third is normal to the loop plane. The KrBner 
planar «* cut procedure has been used to obtain the 
following expression for the inner - planar cut 
estimate of the energy of a rectangular loop on the 
square glide prism shown in Fig. 3*5 :
u as (r-l), v=(r/cos — l), r = a/5, A = yu/2ft( 1—v ).
H e r e *  is the angle of rotation from the edge orientation, 
and second order term^ have been included. This equation 
has also been derived using the standard Yoffe method.
©^ **^ =5 A b2 5 £ p ( u , v )  + (1—v sin2 ijl) P ( v ,u ) + P ^ J ,....(6.1)
+ sinh." (l/v)« sinh " (l) + P^(u,v),
O p ^ p ^ p ^ 2
(u2 + v2 ) - (u + 1) - (v + 1) + (2) ,
r £(3-2v)(l+cos ljj)cos ijl «* (l~2v)sin2
J  k (l«*v) ,
O PThe outer-planar cut estimate, E * , may be obtained 
from (6.1) on replacing a by a + 2& in all the terms 
except P^ ., which represents the work done by the core­
surface tractions. Finally, the elastic energy determined 
by the KrBner normal-cut procedure is given by:
a A b2 6 ' N(r,w)+(l-V sin2 Tjj)N(w,r)—2 cos2 ijr N^(r,w)
+ sin2 ifr Ng(r,w)+(r2 + sin2
N^(r,w) + N^(w,r)J -N^ |   (6.2)
— 1 — 1 1* 2 ^ -jwhere N(r,w) a r sinh (r) - r sinh * ! r (w +1) 2 j
+ (r ,w ),
1 i
N (r,w) = (r2 + w2 + l) -(r2 + l)
2 %- (w + 1) + 1,
i
(r,w) a 1 -  (r2 + w2 + l) ,
! ^  X
' ~ , N (r ,w ) a (r2 + 1) ^ I (r2 + 1) + (r2 + w2 + 1) 1 ^ f, A
a r | (1—2v)(1 + cos ifr) cos ijj - (3-2v)sin2 ijj ]
/  4 (1—v ) ,
w a r /  cos f , r a a/6.
C
The three energy estimates are different, indicating 
that the contributions from the core surface tractions are 
in error. On making the assumption that a >> 6, the
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three expressions reduce to the more approximate energy,
A cE , derived from the procedure outlined in Q 3*4,2,
On putting | = 0 in the above equations, expressions
for the energy of a square loop in edge orientation are
obtained. These have been used to evaluate the energies
for loops of different sizes presented in Table V , The
Aapproximate energy values B , which correspond to the
energies for square loops given in Table I, are also
included. It may be seen from the table that the
differences between the various energy estimates are
small, the largest differences being *i *% for loops of
size a/6 a 400 and 3^ % when a/6 = 50• It will also
be noted that the approximate energy values are almost
identical with those obtained from the normal - cut
procedure including second order terms. This suggests
that, as noted earlier, the errors introduced into the
absolute elastic energy values presented in Chapter 2 by
the neglect of the core corners are small. The approximate
and normal — cut estimates are also in close agreement
for much smaller loops, so that, for example, the discussion,
(45)of Eyre and Bullough on the relative energies of small
c
circular and square loops may well be meaningful, even
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T A B L E  V
Energy estimates obtained using different 
mathematical outs for square loops in edge 
orientation with sides of length a. The 
values to which the estimates reduce on making 
the assumption that a > > 6 are also included.
a/6 E1 -* e n E°-p e a
50 ,s 394.12 401.30 410.67 401.31
100 932.65 941.23 951.97 941.24
200 2149.75 2159.72 2171.84 2159.72
li00 4862.90 4873.96 4887.47 4873.96
The energies are in units of 
yu b2 6 / 2% (1-v) and V 
has been taken as 1/3*
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though second order terms were ignored in their analysis. 
However, their surprising conclusion that the elastic 
energy of* a very small circular loop, with radius less than 
66, is less than that of a square loop of the same area 
appears to be unrealistic in the light of the results for 
larger loops given in Chapter 2. It would thus appear 
that the corners in the surface of the dislocation core 
should not be neglected in treatments on loops of this 
size.
Energy curves obtained using equations (6,1) and (6.2) 
have been plotted in Fig. 6.1 for rotations ijj of up to 
50° from the edge orientation for a loop on a square glide 
prism of size given by a/6 =50. Also shown is the curve 
for E , which is obtained by neglecting second order terms 
in (6.1) and (6.2). It may be seen from the figure that 
all four curves have energy minima of approximately the 
same depth displaced from the edge orientation by approxi­
mately the same amount. This suggests that the 
displacement predicted by the approximate equation would 
also be a feature of an exact analysis in which the corners 
in the core surface are taken into account. The 
approximate equation in fact gives results which agree 
closely with the more accurate values obtained by the
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normal — cut procedure for all the orientations considered.
In addition, the curve for the normal cut lies 
approximately mid - way between the two planar - cut curves, 
and it is of course possible that the errors involved in the 
former are small and in the latter are approximately equal 
and opposite. If this is the case, the approximate 
analysis in which the second order terras are ignored provides 
an accurate estimate of the total elastic energy of the loops. 
One disturbing feature of the results presented in Fig.6.1 
is that the depths of the energy minima are all smaller 
than the differences in energy between the normal cut and 
the two variants of the planar cut. It is conceivable 
that the displacement of the energy minima are spurious 
features arising from the approximations made in the analyses. 
This is thought to be unlikely however, particularly in 
view of the physical explanation of the displacement 
presented in §3*5.
It has been possible to obtain the results presented 
above because the energy expressions, including second 
order terms, for rectangular loops are comparatively easy 
to derive. The fact that the loop corners remain right « 
angled during rotation also simplifies the interpretation 
of the errors in the core - surface traction corrections
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which have been used. In the absence of* an expression for 
the energy contribution arising from the tractions on the 
core surface of a dislocation with one or more corners, 
it has not been considered worthwhile to obtain more 
accurate energy estimates for the other polygonal loops 
studied in this thesis. This is particularly so for the 
parallelogram - shapedloop, where the analysis involved 
would be extremely tedious. Numerical integration of the 
energy equations would, of course, avoid the complicated 
algebra which arises when second order terms are not 
ignored, but the amount of computer time required may place 
a limit on the number of results obtained. The energy 
values for loops on circular glide cylinders presented 
in Chapter 4 were determined by numerical procedures 
and thus include second order terms. The loops have no 
corners in this case, and it was shown that the edge loop 
has minimum energy. This is not thought to indicate that 
the conclusions drawn in the preceding paragraph are 
incorrect however, for the elliptical loop has no 
straight segments and, as discussed in |>4.2.4 , is not 
expected to adopt an asymmetric equilibrium orientation.
In addition, the results for elliptical loops are not 
exact because core - surface fraction corrections for a 
straight dislocation line have been used. Finally, it
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would appear that the approximations made in this thesis 
are not unreasonable for the loop sizes considered.
However, the effects of the approximations become more 
marked for smaller loops, and all treatments for very 
small loops should use the most exact expressions available. 
As indicated by the work on jogs, this conclusion is 
generally true for all small defects.
6.3.3* Other Limitations.
The use of isotropic elasticity theory and the 
neglect of the dislocation core energy clearly limit the 
applications of the results of the present work. The 
effects of these approximations are difficult to 
estimate, even in a qualitative way. However, the 
generally close agreement between the predictions of the 
theory and experimental observations suggests that the 
models employed here may well provide adequate descriptions 
in many cases. Also, in the analyses described in 
Chapter 3 the dislocation loops have been restricted to 
move on specific glide prisms of polygonal cross-section.
The crystallography of the glide prisms is controlled by the 
structure of the material and of the dislocation core, and 
it is possible that the treatments have, to a certain
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extent, allowed for the effects of anisotropy and core 
energy. In addition, all the results have been 
presented in terras of the ratios of the defect sizes to the 
core radius, so that, to a first approximation, the energy 
of the core region may be taken into account by choosing a 
smaller core radius than would be adopted from a linear 
elasticity criterion. However, the discussion in 
on dislocation loops in co-uranium has indicated that, as 
expected, the analyses are not applicable to all materials.
The methods used in this thesis are based on the
assumption that the isotropic elastic medium is of
infinite extent. The effects of finite crystal size
have therefore been ignored. This additional approximation
is valid for crystals whose dimensions are very much greater
(35)than the size of the loop, for, as shown by Kroupa ,
the stress field of a dislocation loop has a comparatively
short range. However, much of the experimental information
on the form dislocation loops assume in various materials
is obtained by electron microscopy. The loops are
observed in thin foils of the order of 1000 A° thick,
and the agreement between theory and observation may be
(13) ,limited for relatively large loops. Chou has investi­
gated the problem by evaluating the elastic energy of a 
circular loop lying in the central plane of an isotropic 
thin plate. He finds that the thickness effect only
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becomes important for loops with dimensions approaching 
the plate thickness. It would thus appear that com­
parisons between the results obtained here and experimental 
observations are, in general, meaningful for the loop sizes 
considered,
6,4. Double - faulted Dislocation Loops.
6.4*1. Introduction.
The preceding work has shown that analyses based 
on purely elastic models can, in many cases, provide 
adequate descriptions of the physical situation in crystals. 
Many other problems concerned with the energies of dis­
location configurations therefore appear to be suitable for 
study. As an example, a preliminary investigation has 
been made into the elastic energy associated with the double
dislocation loops observed in quenched, high - purify 
2)54)55 )aluminium • Each defect consists of a triangular
loop situated symmetrically inside a larger hexagonal loop. 
Both loops exhibit stacking - fault contrast, but the
fringes in the two cases are displaced relative to each
(54) (55)other. Edington and Smallraan and Shimomura
have proposed that the outer fault is intrinsic and the
(2)
inner fault extrinsic. Cotterill however, has
suggested that the displacement of the contrast fringes
within the two loops is due to a single stacking fault
climbing on to an adjacent -JlllJ plane. This proposal
(56)is based on an investigation of Schapink and de Jong ,
in which it was shown that when vacancies are annihilated
at a stacking fault, it climbs on to an adjacent plane.
(5 7 )
Recent work has indicated that the proposal of
Edington and Smaliman is the correct one.
The observation of double - faulted dislocation
loops suggests that it is energetically more favourable
to nucleate a Frank sessile loop on an existing stacking
fault than elsewhere in the crystal. However, arguments
concerning the relative energies of double -* faulted and
single — faulted loops can only be put on a quantitative
basis by obtaining reliable estimates for the elastic
interaction energy between the triangular and hexagonal
loops of the double — faulted defect. The Krdner method
is convenient to use for this, for, as described in
§ 1.6,3, the interaction energy between two loops is
determined directly by this procedure. An analytic
expression for the interaction energy between the hexagonalIf
and triangular loops^presented in § 6.4,2, together with
a preliminary numerical result. The relative energies of
c  ' '
single — faulted and double - faulted loops are
discussed in §6.4.3*
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6.4*2* The Interaction Energy.
¥e wish to evaluate the elastic interaction
energy between the triangular and hexagonal loops of* the
double — faulted defects observed in aluminium. The two
loops are usually concentric, and there appears to be no
( 54 )definite size relationship between them. . To a first 
approximation, the loops may be considered to be coplanar. 
The configuration is shown schematically in Fig. 6.2, 
where the loops are referred to a set of cartesian axes 
x, y, z, and the lengths of the sides of the hexagon and 
triangle are denoted by h and t respectively. The 
plane of the loops, z » 0 , corresponds to a £lll} plane 
in the face — centred cubic structure, and the sides of 
the loops to < 110 > directions. Both loops are pure 
edge in character, and have equal Burgers vectors.
Equation (1.24) may be used to obtain the interaction 
energy between the two loops shown in Fig. 6.2, but C and C* 
in the equation now refer to the hexagon and triangle 
respectively. Also, the resulting energy expression must 
be multiplied by 2 since (1.24) is an equation for self­
energy. Denoting the ratio t/h by r, so that r lies in 
the range 0 ^ r < 3/2, the interaction energy may
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to© shorn to toe:
E1 a K to2 h [ 3 P1(k,n)~3 Q1(k,n) + Q^Cra^r)+ Q2(k,n~)
+ i+ Q(i~,i+ ) - JC QU*,i~) ~ 2r Q(l,l)
+ n+R(i+ ,i~)-n~ R U ~ , i + )- 2i+R(m+ fr) + 2 i"*R(k*\n~)
+ n"*R(m*"*,r ) - n*R (k+ ,n**) j , *....(6 .3)
where P^(k ,n )=P(k+ ,n+ ) - P(k+ ,n~) — P(k"",n+ ) + P(k~tn~),
JL JU mm <m
Iff Iff Iff Iff
Q1(k,n)=^Q(k+ ,n+ ) ~^Q(k+ ,n~) ( k~, n+ ) +^Q(k~,n~) ,
Q2(u,v) s v Q(u+ 1v ) - v Q (u"\v),
P(u,v) » (u2 + v2/3)
• ~ | f 
Q(u,v) ss'in j £u + P(u,v)] / v(3) J
i i
R(u,v) = in I {(2+3 )u + S(u,v) ] / ( <  2+3 )S(u,v)-u] j ,
 3L
2
S(u,v) ss P (u,v) + v (3) ,
i  i*. i  i.
K b (1 + r);/. =(3/2 +. r);m = (2 _+ r); n =(3 +. r),
K = j u / 4 n ( l - v ) .
J
Due to the complexity of equation (6.3 ) j £ has only
been evaluated in this preliminary study for the special
case when t = h. However, the lengths of the sides of the
triangular and hexagonal loops are observed to to© approxi-*
Imately equal in many cases, so that the value of 25 when 
t sa h may toe representative of the interaction energy arising
in many of* the defects. On putting r = X in (6.3) one
obtains:
E1 = K b2 h [ 2.6618 1 .  (6.4)
6 .4 • 3 ♦ Discussion.
The total elastic energy of a double ~ faulted 
dislocation loop is given by the sum of the self - 
energies of the two loops and the interaction energy between 
them. Expressions for the self - energies of hexagonal and 
triangular loops in edge orientation have been given in 
Chapter 2. It is thus possible to estimate the importance 
of the contribution to the total elastic energy arising from 
the interaction between the two loops. From equations 
(2.11),{2.13) and (6 .4 ), the total elastic energy associated 
with a double - faulted defect in which the two loops both 
have sides of length h is:
E = K b2h|9 ,£n(h/5)-6 i.n [9(7 <fT - 12)/2] -3 /n(3/2)
- 3(2 JJ - 1) + 2.66i8 + 9(3-2v)/4(i«v) j 
 (6.5)
For many of the loops observed h 1,000 A°, so that 
h cs 400 5 on putting 6 = b = 2.5 A°. For loops of this
O
size, the total elastic energy is K b h (56.718 + 2.662),
( 7 )where V for aluminium has been taken as 0.34 • The
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interaction energy is represented by the second term and
is 4-|% of the total elastic energy. Using data from
(54)annealing experiments, Edington and Smailman have
calculated the energies associated with intrinsic and 
extrinsic stacking faults to be 280 ergs cm • and 
420 ergs cm , respectively. These values may be used 
to estimate the total energy of a double faulted defect. 
When h / 6 =400, it is found to be (1.208 + 7*88l) 10 ® 
ergs, where the two terms represent the elastic and stacking-
J - g •
fault energies respectively, and ya for aluminium has been
11 —2(7)taken as 2.7 x 10 dynes cm . The elastic energy is
therefore 13% of the total energy of the double - faulted 
defect,
The point defects in the double — faulted loop with 
h =s t » 400 6 could also be accommodated in two isolated 
single - faulted, hexagonal loops with sides of length 
305*5 The total energy in this case is (1.203 + 8.487)
G
10" ergs, where the elastic and stacking fault energies 
are again given by the first and second terms respectively. 
Thus, for the loop area considered, the formation of a 
double - faulted loop leads to a small increase in the 
elastic contribution to the energy, but to a decrease in 
the total energy of 6%,
The elastic interaction between the hexagonal and
triangular loops does not play a part in this energy
Ireduction, for E is positive when t = h . The interaction
tends to inhibit the growth of the inner loop at this
stage, the precipitation of vacancies at the triangular
loop being primarily due to the extrinsic fault having an
energy which is less than twice that of the intrinsic fault,
XHowever, the value of E calculated in this preliminary
study does not provide a guide to the form it takes for
Xother values of r. Xt is possible that E is negative for 
small values of t, and, if this is the case, the interaction 
between the two loops of the double - faulted defect aids 
the nucleation of the inner loop. Also, the interaction 
probably causes the inner loop to assume a triangular shape 
in preference to an hexagonal. The interaction energy of 
two hexagonal loops with adjacent sides parallel is likely 
to be much greater than that between the two loops studied 
here«
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6,5 Concluding; Remarks,
It has been possible to compare many of the results 
of* the work presented in this thesis with experimental 
observations, because, as noted in Chapter 1, a great 
deal of practical information has been obtained in recent 
years by electron microscopy. It is expected that this 
technique will continue to provide much of the detail on 
the form dislocation loops assume in various materials,
) However, it is possible that many of the observations which
cannot be carried out in this way will be made, in the
( e o \
future, by field ** ion microscopy. Ralph has
recently observed small faulted loops in irradiated irridium 
by this technique * The loops are approximately 25 A° in 
diameter and their shapes, which have not yet been 
determined exactly, are probably either circular or 
hexagonal. Small clusters containing up to 200 vacancies 
have also been observed. Defects with these sizes cannot 
be resolved in the electron microscope, and it is likely 
that field - ion microscopy will prove to be extremely 
useful for the study of small loops and voids.
The general agreement between purely theoretical 
predictions and experimental observations has been stressed 
throughout this thesis. It indicates that many other
/
dislocation configurations can be usefully analysed using
isotropic elasticity theory. The energies associated with
dislocation jogs and double - faulted loops, for example,
have already been discussed here, J/ssang et a l . ^ ^
have used one of the standard energy methods to determine a
relation between stacking fault energy and the extension
of nodes in dislocation networks. If reliable estimates
for loop energies are available, the values of stacking
fault energies may also be obtained from annealing data
(54 )on faulted dislocation loops • The strain energy
associated with stacking-fault tetrahedra in face - centred
cubic metals can also be determined using isotropic
( 21)elasticity theory . As pointed out earlier however,
care should be taken in the approximations and assumptions
employed in all analyses on small dislocation defects.
Discussions based on blatantly approximate analytic
expressions for the relative energies of small perfect
( 2 ) (31)loops, faulted loops and stacking fault tetrahedra 
are certainly inadequate, and require a more rigorous 
treatment.
Finally, it is hoped that the present study will 
stimulate other workers to use the most accurate energy 
expressions available. The work described here should 
equip them with both a knowledge of the most suitable 
methods to use for determining elastic energies, and an 
understanding of the limitations which their theories are 
likely to encounter.
FIGURE 6.1.
The variation of energy, for different cuts, with
orientation for a rectangular loop on the glide prism
shown in Fig. 3*5. The prism size corresponds to
2,a/5 = 50, and E is in units of b 5 / 2n (l-v).
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F I G U R E  6.2
A schematic representation of the hexagonal 
and triangular loops in a double-faulted 
dislocation loop.
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APPENDIX
Crystallographic Angles for Mercury, Bismuth, Antimony 
and Arsenic,
Crystallographic angles have been calculated for 
the metals mercury, bismuth, antimony and arsenic.
The structures of the metals were referred to face - 
centred rhombohedral cells, the axial angles used being 
 ^ 9&° 21.8* for mercury -^*9) and 87° 3^.41, 87° 25.4*
and 84° 38* for bismuth, antimony and arsenic 
respectively . Angles were computed, using an
I.C.T. Sirius computer, between planes and planes, 
directions and directions, and plane normals and 
directions for Miller indices in the range 3 3» giving
over 30*000 angles in all. They have been tabulated and 
a volume is deposited at the Library of Battersea College 
of Technology, London • copies of the volume are also
submitted with this thesis. The relations between 
Miller indices given relative to the face centred 
rhombohedral cell and those referred to the alternative 
primitive rhombohedral and hexagonal cells are given in
/ *j \
the volume , and values of the identity distances
and inter - planar spacings for the four metals have 
also been included.
~ 218 -
APPENDIX
(cont*d)
No other comprehensive set of crystallographic
angles for the four metals are known to have been
(62)produced previously, but Vickers has calculated
a small selection of angles between planes and 
planes, and directions and directions, relative to 
the face centred rhombohedral structure, for bismuth, 
and Arko et al. have computed angles for mercury
using Miller indices in the range 5 to k referred to 
the £>rimitive cell.
r
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I. Introduction
The dislocation loops present in quenched metals and alloys tend to have 
well defined geometric shapes and orientations (1). These characteristic 
features are closely related to the elastic self-energies of the loops (2). 
The energy of an isolated dislocation loop in an infinite elastic medium 
is thus of considerable interest and may be most conveniently determined 
using a variant of one of the two standard procedures due to Yoffe (3) 
(based on the general analysis of Burgers (4)) and Kroner (5) respec­
tively. As stressed by Bullough and Foreman (2), however, neither of 
these methods gives the total elastic energy as each ignores an impor­
tant contribution arising from the surface of the dislocation core. In the 
present paper, the methods of Yoffe and Kroner and the correction term of 
Bullough and Foreman are reviewed in Section II, and the equations used 
for obtaining loop energies presented in simplified forms. Available in­
formation on the energies of dislocation loops, including much new ma­
terial, is tabulated and discussed in Section III and details given regard­
ing which procedures have proved to be the least tedious in practice.
The conclusions of the paper are summarized in Section IV. We do not 
discuss the effects of anisotropy (6), finite boundaries (7), dislocation 
dissociations (5), and the energy of the dislocation core (9), although 
these and other factors may be important in practice.
II. The Determination of Loop Energies
where and efj- are the stresses and strains produced by the dislocation 
and V is the total volume of the crystal excluding a small core region of
*On lea v e  of ab sen ce  during the spring and summer o f  1964 at The M aterials 
R esearch Laboratory, Martin Company, Orlando, Florida.
London,  England ■SENATE HOUSE, W.C.I
'Rntfe th e  Exam iners' F e&art
1. The Method of Yoffe 
The elastic self-energy of a dislocation line is given by
(1)
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non-Hookean material of radius 8 which surrounds the dislocation (10).
By making a cut which terminates at the dislocation line, it can be 
shown using the divergence theorem, that Es is the work done by the 
tractions, on the combined surface S of both the cut and the core, in pro­
ducing the displacement u} associated with the dislocation (10). We may 
thus write
(2)E s = j  J  VijUi dSi-
The major contribution to Es arises from the cut across which the dis­
placement is the Burgers vector b with components 6f. In the Yoffe 
treatment (3) the contribution due to the core surface is ignored and the 
cut is taken to be planar and will here be made perpendicular to the 
.z-axis. The Yoffe estimate of the energy is
Ey 
Y 2
ff(ozxbx + o’ zyby + azzbz)dxdy (3)
where the integral is taken over the plane of the cut.
Yoffe (3) considers the case of polygonal dislocation loops and shows 
that these can always be constructed from sets of angular dislocations, 
each of which consists of two semi-infinite straight arms meeting at a 
point. She derives expressions for the displacements associated with an 
angular dislocation by making use of the general analysis of Burgers (4). 
The stresses ozx, ozy, and ozz in the plane z = 0 can be readily obtained 
from these displacements and, using the sets of axes defined in Fig. 1(a),
(b) / (c)
_ k
M ;
(d)
t L
'k:
(e) (f)
F ig . 1. (a) The a x e s  u sed  to define the angular d is lo c a tio n  show n in  bold 
lin e s , (b) Form ation o f a triangular d is lo c a tio n  loop from three angular d is lo c a ­
tion s (planar cut), (c) Form ation o f a square d is lo c a tio n  loop, show n in  bold  
l in e s , from eigh t angular d is lo c a tio n s  (normal cut), (d), (e), (f) P a ir s  o f rec­
tangular d is lo c a tio n  loop s defin ing  the planar cut, 6-cut, and normal cut resp ec ­
t iv e ly  of the Kroner method.
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are summarized as
0-ZX = P 1 tfp2 + P 4-1 K - P5by\
a zr  = P x {[(1 - v ) P 2 ~ p J  *>y ~ P 5b J
®zz = P1P2 bz
(4)
(5)
(6)
where
P x = ^/4tt(1 -  v)
P2 = 2/[(r — y) cot (OC/2) - x]
P3 = vsin CX/r(r - xsin (X - ycos OC)
P4 = P3 (y - rcos a); P 5 = P3 (x - rsin CC)
fi - shear modulus; v = Poisson’s ratioP = 
fi
The method of constructing a polygonal dislocation loop from angular 
dislocations (3) is illustrated for the case of the triangular loop in 
Fig. 1 (b). The energy of such a loop may be readily obtained by com­
bining the stresses (given by Eqs. (4)-(6)) for the individual angular 
dislocations, taking care to use the correct origin and sets of axes in 
each case, and substituting the resulting values of azx, azy, and azz in 
Eq. (3). This integral is to be taken over the interior plane surface de­
fined by the loop, leaving a gap equal to the core radius 8 at the perim­
eter, as shown in Fig. 1 (b). The resulting energies will thus in all 
cases contain 8 as a parameter.
The standard Yoffe procedure makes use of a planar cut, but angular 
dislocations can also be used to determine dislocation loop energies for 
cases in which the cut is made on a prismatic surface from infinity up to 
the position of the loop (11). An example of a square loop formed in this 
way from eight angular dislocations is shown in Fig. 1 (c). It should be 
noted that the Burgers analysis (4) may be applied directly to the problem 
of determining loop energies without making use of angular dislocations 
(12). In general, however, these two approaches are extremely lengthy. .
2. The Method of Kroner 
The interaction energy Ex of two dislocation lines is given by
where is the stress field of one dislocation and the strain field of 
the other (10). Thus, if the two dislocations have the same shape and 
are close together, we may write, using Eqs. (1) and (7),
v
(7)
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Ei may be determined using the analysis due to Kroner (5) (see review 
article by deWit (10))  and hence the self-energy E s deduced from Eq. (8).
In the case of dislocation loops, the two loops used to determine the 
interaction energy are assumed to be a small distance t apart and are 
most conveniently related in one of three ways. They may be concentric 
and coplanar, separated by a vector parallel to b or separated by a vector 
perpendicular to themselves, as shown, for the case of a rectangular 
loop, in Fig. 1 (d)-(f). In each configuration the loops define a surface 
corresponding to the cut used to formally generate the dislocation. The 
three methods of obtaining will thus be referred to as the planar cut,  
the b-cut,  and the normal cut  procedures respectively. In order to apply 
the Kroner equations, a set of orthogonal cartesian axes has also to be 
chosen. The sets which result in the simplest algebras have one of the 
axes either parallel to b or perpendicular to the loop.
Letting the z-axis be parallel to the Burgers vector, we obtain the fol­
lowing double line integral for E K, the Kroner estimate of the loop en­
ergy (2):
E k = Q  f f \ - ( l  + v ) R - l d lz d l z ' +  [ R 2 + ( z - z ' ) 2} R - z & \ . & \ ' \  (9) 
Jc Jc '
where Q = p62/8n-(l -  v), dl and dl' are line elements of the two similar 
loops C and C', and R is the distance between points (x, y,  z )  on C and 
(x ' , y ' ,  z ' )  on C'. Equation (9) does not simplify for any of the cut pro­
cedures described above.
If the z-axis is taken perpendicular to the loop, the Kroner expression 
for the total energy may be conveniently resolved into component terms. 
Thus, in the case of the edge loop, with b parallel to the z-axis, we ob­
tain
E k = q J  J  [ R 2 + ( z - z ' ) 2] R - 3 (dlx d l x' +  d ly d l / )  (10)
and, for the slip loop with b = [bx, hy, 0] the energy is the sum of four 
terms obtained by letting (p, q) equal (x, x), (y, y), (x, y), and (y, x) 
respectively in Eq. (11):
E k  = [^bp b q/ S n (  1 -  v)] J" J '  {-(1 + v)Z?_1 dlp d l q + [Z?2 8pq  + (p -  p ' )
x ( q -  q')] R - 3 (dlx d l x' + d ly d ly '). (11)
where 8pq  is unity when p = q  and otherwise is zero. The (x, y) and 
(y, x) terms are clearly equal. Equation (10) simplifies considerably 
for the planar cut to become
E k = 0 J J  R - H d t x d l S +  dly d ly ' \  (12)
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but no simplification occurs in Eq. (11) for any of the cuts examined.
The results will, of course, all contain the parameter t.
3. The Work Done by the Core Surface Tractions
In the Yoffe method of determining loop energies (3), the work done by 
the core surface tractions was ignored. The importance of this contribu­
tion to the total energy has been stressed recently by Bullough and Fore­
man (2), who quote the following relation for its magnitude per unit length:
where /3 is the angle between the plane of the cut and the edge component 
bE of the Burgers vector. Equation (13) may be obtained (2, 11) for the 
infinite straight dislocation line from Eq. (2), using expressions for the 
stresses and displacements given by Cottrell (13) and Read (14) respec­
tively. It is valid for loops because its contribution to Es is highly lo­
calized at the dislocation line (2).
The true significance of the Kroner estimate of the energy of a dislo­
cation loop (5), and in particular the meaning to be placed on the param­
eter t defining the separation of the two loops used in this method, is not 
at all obvious. Thus, for example, Franz and Kroner (15) state that t cor­
responds to the diameter of the dislocation core whereas deWit (10) states 
that it is similar to the core radius 8■ Also, Bullough and Foreman (2) 
obtained different results for the energies of rhombus shaped loops using 
the planar cut and b-cut Kroner models. However, on letting t = 8 in both 
cases and adding the appropriate terms for the contribution due to the 
core surface tractions, determined from Eq. (13), they found that the re­
sulting energies were consistent. As described in Section III, we have 
repeated this procedure for a variety of differently shaped loops (11), 
using both the Yoffe and Kroner methods, and in all cases have found the 
resulting energies to be equal on letting t = 8. It would thus appear that 
the result is general and indeed an analytic proof has recently been pro­
vided (16).
III. E lastic  Energies of D islocation  Loops
1. The Circle and Regular Polygons
The equations contained in Table I give the energies of dislocation 
loops having the form of a circle, an equilateral triangle, a square, and a 
regular hexagon. These expressions are valid for any Burgers vector and 
are the only symmetrical cases known to have been adequately studied. 
Grouping the equations together in this way reveals their similarity and
Ec [nbE2/16n(l - u)2] [1 - 2 (1 - v) cos 2/3] (13)
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T A B L E  I
E n e r g i e s  o f  S y m m e t r i c a l  D i s l o c a t i o n  L o o p s
C ircle
E s -  A jA .tln C p /S ) -  ln(7T/4) -  2] + A 3\ (C)
E quilateral triangle
E s =  A xU 2[ln  ( p / 8 )  -  In (9 /2 )  -  l]  +  A 3] (T)
Square
E g  = A jA .t ln G V S ) -  ln [2 (V 2  +  1)] -  (2  -  y/2)] +  A 3] (S)
R egular hexagon
E s =  i41U a[ln(p/S)-ln[27(7V3- 12)] — (V3 — B + A3\ (H)
where p =  perim eter o f loop
A t = [fxp/477(1  -  vj]
A2 = [(l-v/2) (b2 - bz2) + 6Z2]
A 3 -  [ - ( 1  -  2v) (b2 -  bz ) +  2(3 -  2z/)bz ] / 8 ( l  -  p)
z -a x is  perpendicular to loop plane
emphasizes the fact that, for symmetrical loops, the energy does not de­
pend on the orientation of the component of the Burgers vector in the 
plane of the loop. It is also clear that, in these examples, the energy for 
the case of an arbitrary Burgers vector may be obtained directly from the 
special case of b normal to the plane of the loop by making use of the 
terms A2 and A3 which apply to all symmetrical loops. It should be 
noted that these equations are for the total elastic energies, the term 
AlA3 in all cases giving the work done by the core surface tractions 
when the cut is in the plane of the loop. The core radius 8 is equal to 
the loop separation t of theKroner method. Some notes on the individual 
energy expressions are given below.
Circle. The earliest rigorous determination of the energy of a dis­
location loop was that due to Nabarro (12) who, using the general analy­
sis of Burgers (4), treated the circular slip loop with b in the plane of 
the loop. When a mistake in Nabarro’s algebra is corrected,1 his result 
reduces to a special case of Eq. (C). The Burgers analysis has also 
been used by the~aqthors (11) to detennine the energy of the circular 
edge loop with b perpendicular to the loop plane. The result is identical 
to that originally found by Franz and Kroner (15), using the normal cut 
procedure of the Kroner analysis (5), when the correction terms, resulting 
from the core surface tractions, are added. We have also used this pro­
cedure to derive the energy of the circular slip loop, and the planar cut
1Nabarro (1 2 ) u s e s  an inaccurate approximate method to ev a lu a te  an e llip t ic  
integral. H is resu lt i s  g iven  by Eq. (C) of T able  I if  8  i s  rep laced  by 28.
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Krdner procedure for the general circular loop (11). 2 This loop has also 
been treated by Chou and Eshelby (6) as a special case of their elegant 
analysis of circular loops in the basal planes of hexagonal crystals. 
Finally, we have used the Yoffe method to determine the energy of the 
general circular loop by considering the loop to have the form of an 
n-sided regular polygon in which n tends to infinity (11). In all cases, 
when suitably corrected, the resulting equations satisfy (C).
Equilateral Triangle. Triangular dislocation loops may arise as an 
intermediate stage in the formation of stacking fault tetrahedra in certain 
quenched face-centered cubic metals (1). Also, as shown by Yoffe (3), 
the energy of a triangular loop is of interest because it provides a means 
of determining the elastic energy of these tetrahedral defects. This 
loop, in the edge orientation, was also the one chosen by Yoffe, in the 
published version of her work (3), to illustrate the application of her 
method. We have derived the Yoffe result independently3 and have also 
obtained the general result given as Eq. (T) in Table I, using a different 
variant of the angular dislocation approach (11).
Square. The elastic energy of a square dislocation loop with b normal 
to the loop plane was quoted by Yoffe (3), and the case of b parallel to 
the loop edge has been examined, as a special case of a rectangular slip 
loop, by Sharpe (17), using the Yoffe method. Bullough and Foreman (2) 
showed that these results are consistent with those they obtained using 
both the planar cut and b-cut Kroner procedures for a case in which the 
Burgers vector has components perpendicular to the loop and parallel to 
one of the loop diagonals. Equation (S) of Table lisa rather neater and 
more general version than that given by Bullough and Foreman (2). It 
has been checked by the present authors (11) using the planar and normal 
cut procedures of the Kroner method and the standard Yoffe method. The 
equation for b perpendicular to the loop plane has also been obtained (11) 
using angular dislocations associated with a normal cut (see Fig- 1(c)).
Regular Hexagon. The elastic energy of a dislocation loop in the form 
of a regular hexagon was considered by Yoffe (3) who quotes results for 
the edge loop and for another special case, applicable to face-centered 
cubic metals, in which the loop lies on a {111 \ plane and the Burgers 
vector is along one of the <110> directions not lying in this plane.
2Kroner (5) h a s a ls o  used  the planar cut m odel for the circu lar s l ip  loop and 
notes that h is  equation  is  eq u iv a len t to the Nabarro (12) e x p r ess io n  (which as  
explained above is  incorrect) on le tt in g  t — 28. In deriving h is  equations for E  g 
from those for E t, Kroner h as n eg lec ted  to d iv ide by 2.
The published accou nt o f the Y offe treatm ent of the triangular loop (3) can­
not be readily fo llow ed  due to its  condensed  nature and the lack  of correspond­
ence betw een the angular d is lo c a tio n s  defined  in the diagram and the lim its of 
integration used .
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Bullough and Foreman (2) give the correction term arising from the work 
done by the core tractions for this special case. We have recently be­
come interested in the case of irregular hexagonal loops and as a first 
step have used the Yoffe analysis to obtain the general result presented 
as Eq. (H) of Table I (11).
2. I rregu lar  P o ly g o n s
Table II contains equations giving the total elastic energies of dis­
location loops, of arbitrary Burgers vector, having the form of a parallel­
ogram, a rhombus, and a rectangle. These are the only nonsymmetrical 
loops known to have been thoroughly examined and, of course, the en­
ergies for the rhombus and rectangle (and also the square, treated above) 
are special cases of that for the parallelogram, which is presented here 
for the first time. However, as an attempt has been made to present the 
equations in their simplest forms, involving the use of different sets of 
axes, the close relationships between the energies of the loops is not at 
first apparent. It should be noted, however, that the last term in each 
equation represents the work done by the core surface tractions for the 
planar cut model.
The energy of the parallelogram loop is given by Eq. (P) of TableII. 
This result has been obtained (11) using the Yoffe method and both the 
planar cut and normal cut procedures of the Kroner analysis. The energy 
of a rhombus loop was first obtained by Bullough and Foreman (2) who 
used the planar cut and b-cut Kroner models. They quote an equation 
which can be simplified to the special case which arises on letting 6X = 0 
in Eq. (Rh) of Table II. This equation wasobtained by the present au­
thors using the Yoffe method, which was also used by Bullough and Fpre- 
man for the special case of the rhombus edge loop. The rectangular loop, 
with b parallel to one of the edges, was treated by Sharpe (17) using the 
Yoffe method. Her result is a special case of Eq. (Re) of Table II, 
which was obtained by the authors (11) using both the Yoffe method and 
the planar cut Kroner method. Bullough and Foreman (18) have also used 
the normal cut Kroner procedure to obtain the energy of the rectangular 
edge loop.
3. D is c u s s io n
A unique solution.has been obtained for the energy of each dislocation 
loop examined in this section. This has been achieved, following 
Bullough and Foreman (2), by letting the loop separation, t, of the Krbner 
models equal the core radius, <5, of the Yoffe method, and including the 
contribution to the energy of the work done by the core surface trac-
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T A B L E  II
E n e r g i e s  o f  N o n s y m m e t r i c a l  D i s l o c a t i o n  L o o p s 9 
Parallelogram  of ed g e s  ft and k and acute angle B (s =  s in  6, c =  c o s  6).
E s  =  \_fi/477(1 -  v)]  {Bj[2h In (2h/S)  -  B(ft, k)] +  B 2[2k  ln (2 k /§ )  -
B (k, ft)] +  B 3(6x2 -  by) +  B 4bxby +  B 5} (P)
ft2 -  v b 2; B 2 =  ft2 — V(cftx +  s b y f  
B 3 =  2v hs2c Ba(k,  ft); B 4 = 2vs[kB a(ft, k)  -  ft(c2 -  s2)Ba(k, ft)]
B s =  j - ( l  -  2v)  [ h b 2 + k ( s b x -  c b y )2] + (3 -  2v)  (ft +  k ) b 2 } / 2 ( l  -  v)
B  (ft, k ) =  k c  Bg(h, k)  +  hBb(h, k) + Bc
Ba(h, k)  — In {(1 +  c) [ft — k c  +  B  ] / ( l  — c) [ft +  k c  + B +] j 
Bb(h, k ) =  In {[ft +  kc + B +] / [  - f t  +  kc +  B _] }
Bc = 2 (ft + k) -  B + -  B~ B 1 = (ft2 ± 2ftkc +  k2) % 
x -a x is  para lle l to edge ft
Rhombus of edge ft and acute  angle  2(f) (s  =  s in  (f>, c =  c o s  <^ >).
E s = [ / i f t M l  -  V')] {C itln  (2ft/5) -  C(0)] + C2(ftx2 -  6y2) +  C3] (Rh)
C t — ft2 — v ( s 2b 2 +  c 2b 2)
C2 =  2v s 2c 2 l n [ s ( l  + c ) / c ( l  +  s)]
C3 =  [ -  (1 -  2v)  (c2ftx2 + s 2b y2) +  (3 -  2v)foz2} /4 ( l  - v )
C(<f>) =  s 2 l n [ ( l  +  c ) /c ]  +  c2 l n [ ( l  +  s ) / s ]  +  (2 — s  — c) 
x -a x is  p a ra lle l to short d iagonal
R ectan g le  o f ed g es ft and k
E g  =  [ f l / 2 n ( l  -  v)] {Dfih l n ( 2 h / S )  -  D(ft, k)] +  D 2[k ln (2 k /§ )  -
D ( k ,f t ) ] + D 3] (Re)
D x =  ft2 -  v b 2) D 2 = b2 — v b 2
D 3 = { - ( 1  -  2 d) ( h b 2 +  k b 2) +  (3 -  2v)  (ft +  k ) b 2\ / 4(1 -  v)
D(ft, k) =  h + k - ( h 2 +  k2) X/2 + ft sinh- 1 (ft/k) 
x -a x is  p a ra lle l to edge ft
aT he z -a x is  i s  perpendicular to the loop p lan e in  a ll c a s e s .
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tions. 4 The correction term is easily obtained in all cases and thus, in 
deciding which procedure to adopt in practice, it is the effort involved in 
deriving the major contribution to the total energy which is important.
We do not hold with the view of Bullough and Foreman (2) that the method 
giving the result approximating most closely to the total elastic energy 
should be used.
The algebra of all the models discussed can be extremely tedious but 
in every case, including that of the circle, it has been found that the 
simplest method is that due to Yoffe. Of the different Kroner models, 
the planar cut with the z-axis perpendicular to the loop always produces 
the least tedious analysis,
IV, Conclusions
1. The methods of Yoffe and Krdner for the determination of the elas­
tic self-energies of dislocation loops are summarized and the relatively 
simple equations, to which the general expressions of these authors re­
duce in cases of interest, are presented.
2. The significance of the contribution to the total elastic energy of 
the work done by the core surface tractions on producing the dislocations 
is discussed.
3. Available results on the energies of symmetrical dislocation loops, 
including much previously unpublished data of the authors, have been 
tabulated. Striking similarities between the different energies have been 
noted and it is shown that, in these cases, the energy for a loop of 
arbitrary Burgers vector may be readily obtained from the special case of 
the edge loop of the same shape.
4. The energy of a dislocation loop of arbitrary b in the form of a 
parallelogram is presented for the first time and its relationships to the 
degenerate cases of the rhombus and rectangle discussed.
5. The results presented have been determined using the Yoffe method 
and different variants of the Kroner method. Also, in one special case, 
the loop was constructed from angular dislocations in a different manner 
from that suggested by Yoffe. In all cases the different total energies 
for a given loop, including the appropriate contribution from the core sur­
face tractions, are found to be identical on letting t, the loop separation 
of the Krdner method, equal the core radius 8 of the Yoffe treatment.
6. It has been found that the least tedious of the methods is that due 
to Yoffe. If the Krbner method is used, the algebra is simplest for the 
planar cut model, with the z-axis perpendicular to the loop.
4A s 8 « p  (the loop perim eter) terms of order 8 In (p/8) and le s s  have been  
ignored.
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The Elastic Energies of Symmetrical Dislocation Loops
By D. J. B a c o n  and A . G. C r o c k e r  
Department of Physics, Battersea College of Technology, London, S.W.H
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' A b s t r a c t
An expression for the elastic self-energy o f  a sym m etrica! dislocation loop  
having n sides and arbitrary Burgers vector is given. Relationships between  
the energies of different sym m etrical loops are noted, and som e absolute 
energy values presented. Energy expressions given b y  previous workers, 
for the circular loop are discussed. ,
I n  recent years dislocation loops with a variety of shapes, sizes and 
orientations have been observed, using the electron microscope, in thin 
foil specimens of many materials. Considerable interest has thus arisen 
in the elastic self-energies of these loops. The determination of loop 
energies can however be very tedious* so that there has also been, some 
discussion about the most convenient mathematical procedures to use 
in practice. Thus, in a recent paper (Bacon and Crocker 1965), the present 
authors‘ used different variants of the general methods of Yoffe (I960)' 
and Kroner (1958) to obtain the energies of some loops of symmetrical 
shape arid arbitrary Burgers vector, and concluded that the method due to 
Yoffe was to be preferred. In these calculations the contribution to the 
total elastic energy of the work done by the tractions on the surface of the 
dislocation core, the magnitude of which depends on the position of the 
mathematical cut made on producing the dislocation, was included ; the 
importance of this term has been stressed recently by Bullough and 
Foreman (1964). It was also noted (Bacon arid Crocker 1965) that there 
were certain marked similarities between the energy expressions for 
loops of different shapes and also for loops of a given shape but different 
Burgers vectors. More recently Li (1964) has shown that the energies o f  
certain dislocation configurations may be readily obtained using a much 
simpler modified form of the Yoffe method! We have now used the 
procedure due to Li (1964) to generalize our earlier results on symmetrical 
loops and in the present note give an expression for the elastic self-energy 
of a dislocation loop with the shape of an %-sided regular polygon and o f  
arbitrary Burgers vector. It has also been possible to show that the- 
relationships between the energies of different symmetrical loops noted.
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earlier are in fact general in character. Finally we discuss energy expres­
sions given by previous workers for the circular loop. ,
The elastic self-energy E  of a dislocation loop with the shape of an 
n -sided regular polygon lying in the x -y  plane and with Burgers vector 
b = fix, by> bz] is given by eqn. (1).
E  =  A 1{A 2[ln{pf&) +  N ]  +  A 3], (1)
where
p  =  perimeter;
S =  core radius;
-^ -i =  1 — v);
A 2 =  &s2 + (1 ~  v/2)(&2- b 2) ;
A 3 =  [2(3 -  2 v )b 2-  (1 -  2v){b2-  6 /)]/8 (l -  v) ;
N =  2  [^ an (^ /2)] +  tan (cf>/2) cos2 (mr/2) — In (n/2) — 1;
r  =  l
y, =  shear modulus; 
v =  Poisson’s ratio; 
cf> =  Trln',
n =  number of sides ; 
q = { n  — 2)/2 for n even; 
q = [ n ~  l)/2  for n odd;
% =  1 — 2 cos 2(f), for q =  1; 
ax =  — sec 2(f) ;
aq =  (2 +  cos 2(f>) (1 — cos 2</>)-1 (n even) > for q > 1;
aa =  4cos<£ (1 + cos^)(cos^ — cos2<£)-1 (n odd) 
ar = 2 c o t0 ta n r ^ [l — cos2r^»sec(r— l)^sec (r+1)<^] ( 2 < r < g — 1)
fo rg > 2 .
In this equation the term A 1A 3 represents the work done by the core 
surface tractions when the cut, made on producing the loop, lies in the 
loop plane. I t  will be noted that the Burgers vector only appears in the 
coefficients A 2 and A 3 so that, once the energy of a loop of a given shape 
and Burgers vector is known, the energies of all other loops of this shape 
can be obtained immediately. This is particularly convenient as in 
practice the energy of a loop with edge orientation, b =  [0,0,6], is compara­
tively easy to determine. It will also be seen that the components bx 
and by do not appear explicitly in eqn. (1), the energy depending simply 
on the magnitude b and the component bz of b. In particular a term in ­
volving the product bxby, which is present in the energies of some loops 
of more general shape, is absent here. Thus for a symmetrical dislocation 
loop of given shape the elastic energy does not depend on the orientation 
of the component of the Burgers vector in the x -y  plane.
Numerical values of the constant N  of eqn. (1), for loops with the shape 
of an equilateral triangle, a square, a regular pentagon, hexagon and 
octagon, corresponding to n =  3 ,4 ,5 , 6 and 8, are listed in the table. Also 
given in this table are numerical values for the energies of loops in edge 
orientation with these shapes and a variety of different sizes. As explained
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above, values for loops of different orientations can be readily obtained 
from these. It will be noted that, as expected, for a loop of a given area 
and orientation the energy decreases as n increases.
Elastic self-energies of symmetrical edge dislocation loops
n N
Loop energies
a = 50 oo>■—}II8 a =  200 a = 400
3 -2-5041 866 2049 4729 10722
4 -2-1604 803 1882 4319 9748
5 -2-0199 782 1829 4187 9430
6 -1-9433 774 1806 4128 9287
8 -1-8689 766 1785 4075 9160
oo -1-7583 761 1768 4027 9038
u = A1l2/S, where A is the loop area. The energies are given in units of 
Ip b2S/4:TT (1 — v)], and v has been put equal to 1/3 in A 3.
The elastic self-energy E 0 of a circular dislocation loop, corresponding 
to n — oo, is given by:
E ^ liM R I 2 ( l~ v ) ] { A 2\}n (S R IS )-2]  +  A s} . . .  , (2)
where R  is the radius of the loop and the other symbols are defined below 
eqn. (1). Numerical values of E c have also been included in the table, and 
it will be seen that, as expected, the energy of the n -sided regular poly­
gonal loop tends to that of the circular loop, as n tends to infinity. Several 
incorrect versions of eqn. (2) have appeared in the literature. Thus, 
for example, in the case when bz =  0, Nabarro (1952) uses an inaccurate 
approximate method to evaluate an elliptic integral; his result is given 
by eqn. (2) if 8 is replaced by 28. This error led Kroner (1958) to equate 
the loop separation of his method with the core diameter instead of the 
core radius 8. An additional mis-print in the Kroner expression has also 
confused the situation. Furthermore, previous workers have not included 
the contribution arising from the core surface tractions in their energy 
expressions.
Finally it should be stressed that the energies given in this note have 
been obtained using isotropic elasticity theory and do not include a 
contribution due to the energy of the dislocation core. In practice the 
effects of anisotropy and the energy associated with the core region must 
influence both the shape and orientation of dislocation loops. This is 
made clear by the table which shows that for symmetrical loops of fixed 
area and orientation the circular shape always has the minimum energy. 
In practice polygonal loops are often observed.
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Note added in proof.—Jossang et al. (1965) have recently published 
expressions for the energies of six-sided and twelve-sided regular polygonal 
loops for the special case of the Burgers vector lying in the plane of the 
loops. They do not include contributions to the energies due to the core 
surface tractions, but introduce an additional parameter a in order to 
allow for the energy of the core region. By making suitable choices of a 
they show that these expressions give the same result as that obtained for 
the energy of a circular loop. For the latter they use the incorrect equation 
given by Kroner (1958) and Nabarro (1952), and unfortunately, in their 
paper, two additional misprints occur, one of which is repeated in the 
equations for the polygonal loops. When these are corrected, and the 
contribution to the energies arriving from the core surface tractions are 
introduced, their expressions are consistent with the equations of the 
present paper.
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Crystallographic angles have been calculated for the 
metals mercury, bismuth, antimony and arsenic using 
a Ferranti Sirius Computer. These angles have been 
tabulated (Bacon, 1963). Some angles for bismuth have 
been published previously (Vickers, 1957) but tables of 
angles for the other metals do not appear to be generally 
available.* In the present work the structures were
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Fig. 1. Standard [111] stereographic projection for directions 
in mercury.
* Arko, Cotner & W eertm an have recently calculated  
angles for mercury, using Miller indices in the range 4 to  
4 referred to  the prim itive cell.
referred to face-centred rhombohedral cells, the axial 
angles used being 98° 21-8' for mercury (Barrett, 1957) 
and 87° 32-4', 87° 25-4', 84° 38' for bismuth, antimony 
and arsenic respectively (Wyckoff, 1960). Relations 
between the Miller indices given relative to these cells, and 
those referred to the alternative primitive rhombohedral 
and hexagonal cells are given elsewhere (Buerger, 1942).
Angles were calculated between planes and planes, 
directions and directions and plane normals and directions 
for Miller indices in the range 3 to 3 giving over 50,000 
angles in all. A selection of these is given in degrees in 
Table 1. Although the structures of the metals are close 
to cubic the deviation from orthogonality can result in 
considerable differences between the three sets of angles 
for each metal. Only the [111] direction and directions 
contained in the (111) plane are perpendicular to planes 
with the same indices.
A standard [111] stereographic projection for directions 
in mercury is given in Fig. 1. Similar projections for planes 
in mercury and planes and directions in bismuth, anti­
m ony and arsenic m ay be constructed from the informa­
tion contained in the table.
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Angles
Table 1. Table of crystallographic angles 
between planes and (111) plane Angles between directions and [111] direction
H g B i Sb As H g B i Sb As
111 0 0 0 0 0 0 0 0
211 90 90 90 90 90 90 90 90
322 79-810 82-437 82-459 82-955 83-651 81-434 81-409 80-807
111 65-803 71-638 71-688 72-831 74-455 69-364 69-309 67-973
233 54-285 62-028 62-097 63-695 66-007 58-929 58-855 57-084
122 48-054 56-422 56-499 58-287 60-910 53-014 52-933 51-021
133 41-674 50-313 , 50-396 52-318 55-184 46-727 46-643 44-674
011 29-090 36-986 37-067 38-979 41-946 33-579 33-501 31-713
133 17-636 23-286 23-347 24-815 27-183 20-774 20-718 19-448
122 12-546 16-766 16-812 17-935 19-773 14-871 14-830 13-883
233 7-918 10-664 10-694 11-436 12-663 9-423 9-396 8-782
322 9-032 12-144 12-179 13-018 14-401 10-740 10-709 10-012
211 15-545 20-636 20-691 22-028 24-197 18-363 18-312 17-169
311 23-993 31-071 31-145 32-916 35-715 27-972 27-903 26-305
100 48-054 56-422 56-499 58-287 60-910 53-014 52-933 51-021
311 77-337 80-577 80-604 81-218 82-082 79-336 79-306 78-564
,211 90 90 90 90 90 90 90 90
231 17-808 23-502 23-563 25-041 27-423 20-971 20-915 19-634
120 32-718 41-013 41-096 43-056 46-061 37-472 37-391 35-508
131 52-106 60-105 60-177 61-847 64-274 56-885 56-808 54-979
011 90 90 90 90 90 90 90 90
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The Elastic Energy of a :Parallelogram"*
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The Elastic Energy of a Parallelogram- 
Shaped Dislocation Loop
D. J. Bacon and A, G. Crocker
Department of Physics , 
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ABSTRACT
The stresses associated with angular dislocations, which are required 
when evaluating the elastic strain energy of a dislocation loop, are 
presented in simplified form, and used to obtain the self-energy of a 
parallelogram-shaped loop of arbitrary Burgers vector. The resulting 
expression is used to determine the variation of energy with orientation 
for a dislocation loop on a glide prism of rhombus-cross section formed 
by two pairs of (111) planes in f.c.c. metals. Several surprising * 
features of the results of Bullough and Foreman (196 k ) 9 who in a similar 
analysis restricted the loop to orientations in which it has rhombus 
shape, are explained. The ways in which a loop, initially on a {111} 
plane, can rotate to its orientation of minimum energy are computed, and 
it is shown that small loops do not pass through the pure edge {011} 
orientation. A similar analysis is presented for a glide prism of square 
cross-section, which is a case relevant to loops in b.c.c. metals.
It has higher symmetry than the {111} prism, but the. loop is again shown 
to have an asymmetric minimum energy orientation. Finally, the 
validity of the assumptions and approximations made in determining 
elastic energies of dislocation configurations are questioned and 
discussed.
1. Introduction
Transmission electron microscopy has proved to be a very powerful technique 
in revealing the structural defects present in thin metal foils. It is 
unfortunate however that the interpretation of much of the information 
obtained in this way is often extremely involved. This is due in part to 
difficulties in analysing the complex diffraction effects which make the 
defects visible and in assessing the influence of the surfaces of the foils, 
but the principle cause is usually the complicated nature of the defect 
configurations which are observed. In addition these experimental results 
are often used in conjunction with elaborate theories of complex phenomena 
which may be based on questionable hypotheses and approximate models. It 
is therefore important in those cases in which comparatively isolated 
simple defects are found, to make a detailed comparison between the 
observations and the predictions of the fundamental theories which attempt 
to describe their features.
An ideal example of such a situation is provided by dislocation loops in 
quenched or irradiated metals and alloys. A great deal of experimental 
information on the form these loops take in many materials has been 
accumulated in recent years. As loops have comparatively short range stress 
fields they are influenced to only a minor extent by neighbouring defects 
and foil surfaces. They also take on well-defined characteristic 
crystallographic shapes and orientations, providing direct experimental 
information with which to compare theoretical predictions. These 
predictions may be obtained by considering elastic self-energies of 
dislocation loops. Provided that certain crystallographic restrictions 
are obeyed,the loops are expected to take up minimum energy configurations; 
these should be closely related to the observed features.
The elastic strain energy of an isolated dislocated loop in an isotropic 
elastic medium of infinite extent may be conveniently determined using a 
variant of one of two standard procedures due to Yoffe (i960) and 
KrSner (1958) respectively. These procedures have been summarized and 
discussed by Bacon and Crocker (1965a) who conclude that in practice a 
variant of the method described by Yoffe gives rise to the least tedious 
analysis. However, as stressed by Bullough and Foreman (196U), both the 
Kroner and Yoffe precedures ignore an important contribution to the total 
elastic self-energy arising from the surface of the dislocation core. In 
the present paper the Yoffe equations for calculating loop energies are 
presented in simplified form in §2, together with an expression for the 
correction term of Bullough and Foreman* These equations are then used in 
13 to determine the total elastic energy of a parallelogram - shaped 
dislocation loop of arbitrary Burgers vector* The resulting expression is 
made use of in §U to study the variations of elastic energy with orientation 
for a glissile loop on a glide prism of rhombus cross-section formed by 
two pairs of {111} planes in face-centred cubic materials. Comparisons are 
made with the results of Bullough and Foreman (196*0 who considered the 
same problem but restricted the loops to have rhombus shapes. In §5 a 
similar analysis is made for the case of a loop on a glide prism of 
square cross-section which is of interest because it has higher symmetry 
than the {111} prism discussed above. It is also relevant to observed 
defects in b.c.c. metals. Finally the results of the paper are discussed 
m  section §6 and conclusions drawn regarding the validity of the 
assumptions made in obtaining the analytic expressions for the energies.
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2. The Method of Yoffe
The elastic energy of a dislocation line, which we shall label N, is given
by
J!T i f  N NE = s Jv aij eij dV- (X)
Here cl . and e?. are the stresses and strains respectively produced by lj
the dislocation, and V is the total volume of the crystal, but excluding a 
small core region of non-Hooke an material of radius 5 which surrounds the 
dislocation. By making a cut which terminates at the dislocation line, it
can be shown, using the divergence theorem, that E is the work done by the
N . .tractions on the combined surface S of both the cut and core m  producing
Uthe displacement u^ associated with the dislocation. Hence:
ET ■ a I a.  . u. dS. . (2)
;sIT lj  l 0
The major contribution to E arises from the tractions on the cut across 
which the displacement is the Burgers vector lb • In the Yoffe treatment 
the contribution due to the tractions on the core surface is ignored, and 
the cut is taken to be planar and will here be made perpendicular to the 
z-axis. The Yoffe estimate of the energy is thus:
i f f /  N -uH ^  N J S  * .  EL ITEl a sj|(a b + a b + a b j d x d y  (3)X *1! zx x zy y zz z *
where the intergral is taken over the plane of the cut.
-  k
Yoffe (i960) shows that the energy of an n - sided polygonal loop may he 
conveniently evaluated by considering the loop to be constructed from a 
set of n angular dislocations, each of which consists of two semi-infinite 
straight arms meeting at a point. Using the expressions given by Yoffe for 
the displacements associated with such an angular dislocation, the stresses
N N N . .0 , a and a m  the plane of the dislocation can be readily obtained, zx zy za * .
N N NReferred to the axes x 9 y , z defined in Fig. 1. they may be written:
airr
Z X
(h)
(5)
N (6)a z
K = jiAtt (l-v) ; (rN)2 = (xN)2 + (yK)2
shear modulus; v * Poisson’s ratio
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S ub stitu tin g  from (U), (5) and (6) into equation (3) we now obtain:
Equation (T) now be used to determine the energy of each angular 
dislocation from which the loop is constructed and finally E^ » the Yoffe 
estimate of the total energy of the loop, obtained by summing these component 
terms. The integrals of equation (7) are in each case to be taken over the 
interior plane surface defined by the loop, leaving a gap equal to 6, the 
radius of the dislocation core, at the perimeter. Care must be taken to 
choose the correct origin and set of axes for each angular dislocation.
T Nxn the account of Yoffe, the energy contribution to E , as defined m  
equation (2), due to the tractions on the surface of the core was ignored. 
Bullough and Foreman (196*0 have shown the importance of this contribution 
to the total energy, and for a straight dislocation line give the following 
expression for its magnitude per unit length:
(8)
where 8 is the angle between the plane of the cut and the edge component b^
of the Burgers vector. This expression may be used for loops because its 
contribution to the total energy is highly localised at the dislocation line, 
total elastic energy E of a loop is thus given by E * + E , where Eq
18 the total contribution arising from the core surface tractions.
3. The Energy of a Parallelogram-Shaped Loop
We wish to evaluate the energy of the parallelogram-shaped dislocation
loop shown in Fig# 2. It is formed by the four angular dislocations
I II. Ill and IV, and has Burgers vector b with components b , b and b > * ~ x y z
relative to the reference axes x, y and z shown in the figure. In order to
evaluate E^ , the Yoffe estimate of the energy,equation (7) will be applied
to each angular dislocation in turn and the resulting component energies
E^ (N = I, II, III, IV) added,
I I  IFor angular dislocation I, the stressess a , a and a are obtained byzx* zy zz J
Iletting N = I and <{> = (7r-2a) in equations (U), (5) and (6), Also, from
I I  IFig. 2. we have that the components, b , b r and b of the Burgers vectorx y z
I I T
b relative to the axes x , y and z , are given by -b , b and b. y . x  ' z
respectively and the limits of integration by:
(-ex* + §)/s $ y* £ (-cx* + hs - 6)/s 
(-ks +5) 5 x1 <
where s a sin 2a and c = cos 2a. Similarly for angular dislocation II,
the stresses cr a ** and a ** are obtained by putting N - II and $** - zy zz
2a in equations (U), (5) and (6). The components b**, b** and b** of thex y z
Burgers vector b, relative to the axes x**, y** and z**, are (b s - b c),
(t *" x y
xc " *ys) and b^  respectively, and the limits of integration are given
by:
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(CX1 1 * 5)/s * y11 4 (cx11 + ks-<5)/s
(-hs + 6) £ x11 ^ -6.
Substituting these values in equation (7) we obtain two expressions for 
I IIthe energies Ey and Ey . Each of these involves three integrals and it
. II3hould be noted that the integrals for Ey may be obtained directly from 
those for Ey by interchanging h and k, and replacing 2a by (w-Ea). Also 
it can readily be seen that, due to the symmetry of the loop, angular
dislocations I I I  and IV give rise to the same elastic energies as
I  I II and II respectively, so that Ev = 2 (Ev + Ev ). Using equation (8) the
I I A
energy arising from the core surface tractions may be shown to be:
E = K i -(1-2v)' h b2 + k (sb - cb )2J + (3-2v) (h+k)b2l/2(l-v). c ( . y x y u z y
On evaluating the integrals occurring in Ey and, since 6 «  h or k,
neglecting terms of order <S in comparison with those of order h or k, the
total energy of the parallelogram-shaped dislocation loop, which is given
by E = E + E may now be written:Y c
E = K | P^hWai/aJ-Pth.k)] + P2L2ki.(2k/6)-P(i!:,h)]
t
+ P (b2 - b2) + P, b b  + PA3 x y 4 x y 5) (9)
where p = -k ,2 / ,2 , , 2**1 o - vb ; P = b - v (cb + sb ) 1 x * 2 x y
P3 = 2vhs2cPa = 2vs [kPa(h,k) - h(c2-s2)Pa(k h)J
P . l-(l-2v) [hb2 + k(sb -cb )2j +(3-2v)(h+k)b2|/2(l-v)
5 v y x y - *  z /
P(h,k) « kc Pa(>i,k) + hP^h.k) + Po
P (h.k) =Xnf(l+a)[h-kc+P"]/(l-o) (h+kc+P+] I 
a 7 v /
P^  (h,k) «ln | [h+kc+P+]/[-h+ko+P_] |
P * 2(h+k)-P+-P";pi = (h2+2hkc+k2r  . c — ■
This expression for E has also been obtained using two different versions, 
involving different mathematical cuts, of the Kroner method (Bacon and 
Crocker, 1965a'}, In each case, the algebra was found to be much more 
tedious than that of the Yoffe procedure.
^ Dislocation Loops on (111) Glide Prisms 
1 ,4,1, Introduction
i Considerable interest exists in the mechanisms of formation of dislocation 
I loops, Of various shapes and orientations, which are observed m  quenched 
I or irradiated face-centred cubic metals and alloys (Cotterill, 1965). In 
j particular Makin and Hudson (1963) have examined the case of rhombus 
shaped loops in a quenched aluminium-1  ^magnesium alloy in some detail.
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They find that the loops have \ <110> Burners vectors and lie predominantly 
on (012) planes with their sides along <321> directions* Similar loops 
have also been observed in other face-centred cubic materials (Eikum. and 
Thomas, 1963; Rued! et al., 1962). Makin and Hudson (1963) suggest a 
mechanism for the formation of an {012} loop in which vacancies initially 
condense on a close-packed {111} plane to form a faulted hexagonal-shaped 
loop with sides parallel to <011 > directions • After removal of the 
stacking fault by shear the loop has a I <110> Burgers vector and can 
therefore transform to a rhombus shape by the elimination of its two pure 
edge sides by self-climb or by the condensation of further vacancies.
This {111) loop is glissile since its sides can move conservatively on the 
two conjugate {111} planes. It can therefore rotate to the observed {012} 
orientation. Direct evidence of this mechanism has recently been obtained 
by Hudson and Makin (1965) who report an experimental demonstration of the 
sequence: hexagonal Frank loop; hexagonal perfect loop; rhombus {111} 
loop; rhombus {012} loop. However, the details of the path traced out by 
a rhombus loop in rotating between the initial {111} orientation and the 
final {012} orientation were not determined. In an analysis of this last 
stage of the sequence, Bullough and Foreman (196*0 determined the variation 
of loop energy for orientations corresponding to rhombus shape. Their 
results show that, for the rotations considered, such a loop does have 
minimum elastic energy close to the {012} orientation. However, the 
significance of these results is uncertain as in practice it is likely that, 
gliding from the {111} orientation to its minimum energy position, the 
lo°p will at some stages have parallelogram-shape • We have therefore made 
of the expression for the elastic energy of a parallelogran-shaped 
i°°P» which was derived in section §3, to investigate this problem further.
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li,2, Procedure and Results
A glissile dislocation loop on a prism of rhombus cross-section, bounded 
by (111) and (ill) faces is shown schematically in Fig. 3. Its shape 
and orientation are completely defined by a, the edge of the rhombus, and 
the angles 0 and 6^ , which the sides of the loop make with the Burgers
vector b. We shall consider all loop orientations lying within the 
standard unit sterographic triangle in Fig. Ma); these are 
crystallographically equivalent to loops lying in the other three unit 
triangles meeting at (Oil). We thus exclude some possible orientations, 
in which the Burgers vector makes only a small angle with the loop plane 
but, as discussed in §^ #3, these are not important» The restricted loop 
orientations, corresponding to rhombus-shape, which were considered by 
Bullough and Foreman (196*+) are indicated by the broken curves in Fig.U(a).
In terms of the angles 0^  and the indices of the plane of a loop are
given bys
( /3 sin (0^+0g)» 2 s^n s^n Q?+ ^  s -^n *
2 sin sin €  sin (0^)). (10)
Using eqn, (10), it is readily shown that the orientations shown in Fig.U(a) 
equivalent to those contained within the triangular plot of Fig.*4(b), 
which uses 6^  and 0^  as co-ordinate axes and provides a more convenient 
means of Plotting the results of the present work. This triangle has sides 
1" 0 > Qg * 0-j. “ (l8O°-0^ ), and due to the symmetry of the glide
prism is representative through reflection in the sides meeting at (Oil),
* all orientations for and between 60° and 120° *
| eXpression for the elastic energy of the dislocation loop on the glide 
! ^  shown in Fig. 3.s using 8^ 62 and a as parameters, may now he 
! o b t a i n e d  by making the following substitutions in eqn. (9).
h » a/s1 ; k a a/s2 ; c = + 3el°2^3 and
[\, ° [ = !  . -  S g O ^ ) / 3s ,  2 ^ ^ 2 / 3 9 ] ,
toe . s s s2, c19 c2 - sin 9^ sin 9g, cos 8^ cos Og
actively. The resulting equation has been used to evaluate loop 
energies at 2° intervals of 6^  and 8^  for orientations inside the unit 
triangle of Fig. *+(b)«.
Four different sizes of glide prism have been considered corresponding to 
a/fi= 50, 100, 200, and UOO. Letting 6 = b the largest glide prism would 
thus have a ^  1,000 A°. From the results, which were obtained using an 
I.C,T. tirius Computer, the energy contours shown in Fig. 5 have been 
prepared, the energies being normalised with respect to those of loops in 
the (Oil) orientation. In units of ub^ a/2ir(l-v) these are 
MT5, 9.26i, 10.6UT and 12.03*+ for a/ 6 = 50, 100, 200 and U00 respectiveljr, 
foisoon’s ratio v being taken as 1/3 in all calculations. The contours are 
j ftund to be normal to the (ill)-(Oil) and (01l)~(00l) edges of the unit
j ,
| triangle, and there are energy minima between (Oil) and (001) in all cases,
| *°°ps at these locations having rhombus shape. The precise position of the 
a^iaun is near (012) for the loop corresponding to a/ <5 = *+00 but moves 
further from (Oil) and deepens as the loop size decreases. Fig. 5« also 
Creates that for small loops saddle points in the energy occur between
9
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( i ll )  and (Oil). T h e s e  again become more pronounced and move away from 
! |0^j as loop size decreases. It can also be seen from the contours 
i  that the energy in the pure edge Jdl) orientation, at which the loops 
have minimum line length, is a local maximum for small loops and a
saddle point for large loops.
Also shown in Fig. 5 are sets of broken curves which are everywhere
normal to the energy contours. These curves indicate the paths which
loops make in reaching their minimum energy orientations. . They were
computed from analytic expressions obtained by differentiating the loop
• o
energy with respect to 6^  and successive points being taken at 1
intervals. Paths have been determined which start from orientations all 
around the unit triangle, and reference to Fig.5 indicates that, for a 
glide prism of given size, all paths terminate at the same energy 
minimum.
Of particular interest are the paths traced out b:y loops lying initially 
on the (ill) plane. This is the situation envisaged by Makin and Hudson 
(1963) and provides a limiting case in the present analysis as the paths 
then pass through positions of unstable equilibrium, corresponding to 
saddle points in the energy surfaces. Thus, referring to Fig. 5(a), a 
small loop of side a corresponding to a/5 * 50 will rotate from (ill) to 
a position near (122), where it will remain until disturbed by the influence 
°f neighbouring defects. It will then follow the indicated curved path to 
the energy minimum near (Oli+), at all positions being at least 20° from 
he (Oil) pure edge orientation. Larger loops may however pass through 
18 orientation in which the line length is a minimum. Thus, referring to
see that loops corresponding to a/5 = ^00 can rotate from
(Ill) to a position of unstable equilibrium at (Oil) and then rotate to
t h e  energy minimum near (012).
I n  p r a c t i c e ,of course^  loops are likely to be deflected away from the side 
of th e  u n i t  triangle between (ill) and (Oil) before reaching the energy 
saddle p o i n t .  The paths shown in fig. 5, which start close to (111) are 
then t y p i c a l  of those to be expected.
!|,3, D i s c u s s i o n
The results presented in §^ .2 indicate that the minimum energy locations 
for dislocation loops on {111} glide prisms are displaced from the (Oil) 
position, at which the loops have roinimum perimeters, towards the (001) 
pole, In these orientations the loops have rhombus shape and the present 
results do in fact substantiate the work of Bullough and Foreman ( 1 9 6 k ) \  
vho restricted their analysis to loops of this shape. Thus their 
principal energy minima correspond to those shown in Fig. .5. However, the 
subsidiary minima between (ill) and (Oil), which were reported by Bullough 
and Foreman for the smaller loops, haye been shown in the present work to 
correspond to saddle points in the energy surfaces. As the cross-section 
°f the glide prism increases the position of this saddle point moves 
farther away from (ill) and for the larger loops is situated at (Oil), 
ftns for small loops the (Oil) orientation is a subsidiary maximum in the 
energy surfaces but as the loop size increases it becomes a saddle point. 
'^1S c^arifies the results of Bullough and Foreman who present curves 
the energy of the rhombus-shaped loops at orientations along the
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(lll)-(oil) and (Oll)-(OOi) edges of the unit triangle.
Bullough and Foreman were of course unable to make a study of the routes 
taken by loops in rotating from the (ill) orientation to their minimum 
e n e r g y  locations. However, their result that (Oil) is a subsidiary 
o a x i m u s i  f o r  small loops, does indicate that in practice loops are likely 
to have parallelogram shape at intermediate locations. The present work 
has shown that the paths taken are in general complex and, at least in the 
case of s m a ll  loops, do not pass through the pure edge orientation at (Oil). 
The paths also indicate why it was unnecessary to consider loop orientations 
outside the unit triangle of Fig. Hb). In no case does a path, starting 
within the triangle, pass across its boundary and, as indicated by the 
general fo rm  of the paths and contours meeting the (lll)-(OOl) boundary, 
loops with initial orientations outside this boundary still rotate along 
paths terminating at the same minimum energy locations.
Unfortunately direct experimental evidence of the paths taken by rotating 
glissile dislocation loops is not at present available. Indeed, using 
electron microscopy, this information would appear to be rather difficult 
to obtain (Hudson and Makin, 1965), particularly for the smaller loops 
which are predicted to exhibit the more complex behaviour. However, the 
fact that the calculated elastic energies of loops are a minimum for 
orientations near those which are observed in practice, indicates that these 
Orgies play an important role in determining loop orientations. It is 
thus likely that the paths predicted in the present analysis, which is 
againbased on elastic ener y determinations, are of real physical 
significance.
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5, application to a loop on a Square Glide Prism 
5.1. Introduction e
The vork reported in §4 has shown that a dislocation loop on a glide 
prism formed by (ill) planes does not have minimum energy in the pure 
edge foil} orientation, at which the line length is minimum, hut at an 
orientation displaced from this. The edge loop is in this case rhombus 
in shape and it is important to determine whether this shape asymmetry is 
a direct cause of the minimum energy displacement. This may be 
established by determining the variation of energy with orientation for 
a loop on a glide prism of symmetric cross-section. For this purpose it 
is convenient to consider,in the first instance, a prism of square cross- 
section on which loops will again in general have parallelogram shape.
The only observation known of loops on glide prisms of square cross section 
is by Masters (19&3, 19b5). Ke has analysed interstitial loops formed in 
a-iron irradiated with iron ions and found them to be approximately pure 
edge m character with <100> Burgers vectors and sides in <100> directions. 
Stall vacancy loops in quenched molybdenum are also reported to have <100> 
Burgers vectors (Sfcakin et al., 1965} but their shape has not been 
determined. All other loops which have been observed in irradiated and 
deformed body-centred cubic metals have 3 <111> Burgers vectors and do not 
Ba/e spare glide prisms (e.g.: Downey and Eyre, 19&5» Me akin and Lawley,
^SGhr andBeshers, 196U).
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j 2. Procedure End. Results
A loop on a square glide prism is shown schematically in Fig. 6. Its 
orientation is determined uniquely by 6  ^m l  6g, the angles between the 
s i d e s  of t h e  loop and the Burgers vector b; the length of the sides of 
the loop i n  edge orientation is a. An expression for the elastic energy 
of th is loop, in terms of the parameters 0^ , 0  ^and a, may be obtained by 
th e  following substitutions in equation ( 9) «
h “ a/s^  j k a/s^ j c “ 1^^ 2 ^nd
> . \] = sis2/s-l’
tee s^, Sg, c^ , c0 = sin 0^ , sin 9p, cos 9^ , cos 9^  respectively.
fe resulting equation has been used to evaluate loop energies for
and 8g within the range 6O°£0^f 90°, 60°$ 0 90°, 9  ^ » 0^. Due to
the symmetry of the prism, this range applies to all orientations for which
^0^120° and 60°^ 6^^120°, Also in this application, due to the
nature of the energy contours,it was found necessary to determine energies 
, 0.
atl intervals of 9^  and 0^ . Four sizes of glide prism have been 
considered corresponding to a/5 = 50, 100, 200 and H00. From the results, 
the energy contours of Fig. 7 have been prepared. The energies are 
normalised with respect to those cf loops in the edge orientation which,
"smgunits of yb2a/27r(l-v), are 8.026, 9.U12, 10.799 and 12.185 for 
■ 50, 100, 200 and 1+00 respectively. The contour figures indicate 
h^at in general the minimum energy orientation for a loop on a square 
prism is not that of a pure edge loop, but is displaced along the 
I " 0Ii which the loop has rhombus shape. As the size of the
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glide pn-sm i n c r e a s e s  the energy minimum ‘becomes less well defined and 
loves towards the edge orientation. Indeed results for a glide prism of 
she a/5 = 800, which are not presented here, show that,within the 
accuracy o f  our computations, the pure edge orientation is that of 
mini®® energy.
5,3, Discussion
Hie results of §5.2 clearly indicate that the minimum energy orientations 
of prismatic dislocation loops will not in general correspond to 
orientations of minimum perimeter in which the loops are pure edge* As 
discussed in §4 this result was known previously for the case of loops 
on glide prisms of rhombus cross-section but it was uncertain whether it 
was valid for loops'on symmetrical prisms. It has been shown here that it 
does apply for square glide prisms and thus appears to be of general 
significance.
he to the lack of experimental information on the crystallography of loops 
I on square glide prisms it was not considered worthwhile, at the present 
stage, to investigate the paths likely to be taken by these loops in 
Aching their minimum energy orientations. However one observation is of 
interest, The loops analysed by Masters {1965) had sides of about 
1000 to 1500 which on letting 6 = b corresponds to a/6 between ^00 and 
results of §5 show that for a loop of this size the displacement 
the loop plane from the {001} edge orientation is less than 10°.
displacement is of the order of the experimental error quoted
: ty Masters,
6, General D iscussion
The s tre s s  expressions for an angular dislocation, which were derived by 
Yoffe (i960) and given in full by Hokanson (1963)? have been used in §2 
to obtain a comparatively simple equation for the energy of a polygonal 
dislocation loop. This equation has been utilised to determine an 
expression for the elastic energy of a parallelogram-shaped dislocation 
l o o p  of arbitrary Burgers *"ector in §3. As noted by Bacon and Crocker 
(1965a), the method described by Yoffe (i960) for determining elastic 
energies gives rise to a shorter and. less tedious analysis than that of 
KrSner (1958). However, the expressions obtained by both methods must be 
corrected for the work done by the surface tractions, of the dislocation 
core (Bullough and Foreman 196*+). Recently Li (196U) has shown that further 
s im p lif ic a tio n  of the Yoffe method is possible. By separating the stress 
expressions given by Yoffe (i960) and hokanson (1963) for an angular 
dislocation i n t o  expressions for each semi-infinite arm, he has obtained 
expressions for the stress due to a straight dislocation segment of finite 
length. These may then be used to find the elastic energy of a loop by the 
method described in §2, the angular dislocation being replaced by a finite 
dislocation segment, and the stress expressions given by Li being 
substituted for those of equations (*+), (5) and (6). This method has been 
used by Bacon and Crocker (1965b) to determine the energy of an n-sided 
symmetrical dislocation loop. To obtain the elastic energy of a
parallelogram-shaped i°°P by the method of Li, the analysis of §2 is used
' B and C of equation (7) replaced by the appropriate expressions
or a finite dislocation segment; the result is identical to that given by
Ration (9)
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A description, of the use of finite dislocation segments i n  d e t e r m i n i n g  the 
energies of dislocation configurations has also been presented recently by 
j^ssarg e t  al. ( 1 9 6 5 a ) .  Their procedure has been used by J^ssang et al.
(1965b) to  obtain the energies of-certain symmetrical dislocation loops and 
gives r e s u l t s  which are consistent with those obtained by the present 
authors (Bacon and Crocker 1965b).
The models used to obtain the elastic energy expressions used in this paper 
describe t o  only a first approximation the nature of dislocation loops in 
crystals. The main deficiencies are clearly the use of isotropic theory and 
the fact t h a t  the energy of the core region is not included. However, 
before discussing the effects of these limitations, it is convenient to 
consider th e  additional approximations which are introduced in the analytic 
derivation of the expressions. The first of these is the assumption that 
the lengths of the sides of the loops are very much greater than the core 
radius, so that second order terms can be neglected. The second is the use 
vhendealing with polygonal loops, of an expression giving the contribution 
to the energy of the work done by the core surface tractions for an infinite 
straight dislocation line; additional contributions due to corners have thus 
tea ignored. Unfortunately a direct assessment of the effects of these 
to approximations is not at the moment possible. However, an indication 
of the ways in which they might influence the conclusions of and 5 of 
the present paper has been obtained by allowing an edge dislocation loop,
® a square glide prism of side a, to rotate about one of its sides. In 
general it will then have rectangular shape. Expressions for the energy of 
SU^ a l°op» deluding second order terms, have been obtained using three 
went mathematical cuts. Two of these lie in the plane of the loop, one 
lsi(fe and one outside, and the third is normal to the loop plane. All three 
Sessions are different indicating that the contributions from the core
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surface t r a c t i o n s , which were included, were in error. Energy curves, 
obtained using these expressions have been plotted in Fig. 8 for rotations 
I of up to 50° from the edge orientation for a loop on a glide prism of 
size given by a/6 - 50. Also shown is the curve given by the approximate
expression to which the three expressions reduce on neglecting the second 
o r d e r  terms; this curve may of course be obtained from the energy contours 
of Fig.7(a) •
The main feature of Fig. 8 is that all four curves have energy minima of 
approximately the same depth displaced from the minimum perimeter 
orientation by approximately the same amount. This suggests that the 
displacement predicted by the approximate equation is also a feature of 
the exact analysis. The approximate equation in fact gives results which 
are almost identical with those obtained from the normal cut variant of 
the equation which includes second order terms. Another noticeable 
feature is that the curve for the normal-cut lies approximately mid-way 
between the two planar-cut curves . It is thus possible that the errors 
involved in the former are very small and in the latter are approximately 
equal and opposite. If this is the case the approximate expression for 
the loop energy, involving no second-order terms, is likely co provide an 
accurate estimate of the total elastic energy of the loop. One disturbing 
feature is that the depths of the minima are all appreciably smaller than 
the differences in energy between the normal cut and the two variants of 
the planar-cut. It is thus possible, but we believe unlikely, that the 
displaced minima are spurious features, arising from the approximations 
^  in the analysis. The preceding discussion has been possible because 
energy expressions, including second-order terms, for rectangular 
dislocation loops are comparatively easy to obtain. The fact that the loop 
corners remain right-angled during the rotation also simplifies the
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in te r p r e t a t io n  of the errors involved in the core surface traction 
co n tr ib u tio n  to the energy. Also,as the conclusions are indefinite it 
does n o t seem worthwhile at present to attempt to extend the analysis to 
consider more exact expressions for the energies of parallelogram^shaped 
loops. W hat is needed is an expression for the work done by the core 
surface t r a c t i o n s  at a dislocation corner but this does not appear to be 
forthcoming at the moment. Numerical integration of the energy equations 
night a l s o  be useful as this would avoid the use of the complicated equations 
vhich arise when second order terms are included. This has in fact been 
done r e c e n t l y  (Bacon, unpublished work) for the case of a loop on a circular 
glide prism as an analytic expression for the. energy of an elliptic loop 
is not a v a i l a b l e . In this degenerate case of the symmetric glide prism 
the loops have no corner and preliminary results indicate that the edge 
loop has t h e  minimum energy. Finally,we feel justified in making 
approxim ations in the analysis for the loop sizes discussed in the present 
paper. However, the approximations become more serious as the loops 
become smaller and all work on very small loops should use the most exact 
expressions available. This conclusion is generally true for all small 
defects. Thus, for example, the analyses of the elastic energies of jogs 
on d i s l o c a t i o n  lines by Kroupa and Brown (1961) and Wallace et al. (1965) 
do not g i v e ,  and indeed cannot be expected to give, satisfactory values for 
short j o g s, because they do not include the core surface tractions 
contribu tion  and ignore second order terms. It has been shown recently 
(Crocker a n d  Bacon, unpublished work) that, if these approximations are 
not made, reasonable elastic energies may be obtained, even for jogs of 
toit le n g th .
above discussion of the algebraic approximations which have been made 
to the derivation of the energy expressions of the present paper may be
1
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c o n s i d e r e d  rather academic when it is borne in mind that major 
assum ptions are involved in the model adopted. In particular isotropic 
e l a s t i c i t y  theory has been used and the energy of the core region 
ignored. However in the applications discussed in § § H  and 5  the loops 
have been restricted to move on specific glide prisms of polygonal 
c r o s s - s e c t i o n .  The crystallography of these prisms is clearly 
co n tro lled  by the structure of the material and of the dislocation core.
Thus by basing our analysis on the experimentally observed prisms we 
feel that we have, to a large extent, allowed for these effects. Also, 
our results are presented in terms of ratios of the loop sizes to the 
core radius so that, to a first approximation the energy of the core 
region may be incorporated by choosing a smaller radius than would 
otherwise be adopted (Kuhlmann - Wilsdorf and Wilsdorf i960). Certainly 
the agreement between the theoretical predictions and the experimental 
observations of Makin and Hudson (19&3) encourage us to believe that these 
assumptions are justified. One feature of the results is surprising 
however. The displaced energy minima which we have obtained are in all 
cases very shallow. This would appear to be inconsistant with the apparent 
marked preference of loops to take up certain well-defined orientations.
It is also unusual for loops to change their orientations while being 
observed in the electron microscope, although this may be due to pinning 
by impurities.
Assuming that the present analysis does provide an adequate description
of the physical situation, many other problems would appear to be suitable
for investigation* We have for example, as mentioned above, studied the
elastic energies of dislocation jogs and have also obtained preliminary
resuits on the energies of the double-faulted loops found in aluminium.
% •
50 consist of triangular loops situated inside larger hexagonal loops 
p^rovide a means of obtaining values of both intrinsic and extrinsic
- 23 -
fault energies (Edington and Smallman 1965). Discussions 
on blatantly approximate analytic expressions for the relative 
energies of small perfect and faulted loops and stacking fault tetrahedra 
md Washburn 19b3, Cotterill 1965) are also certainly inadequate 
require a more rigorous treatment. Many other dislocation 
configurations arise which can be usefully analysed using isotropic 
elasticity  theory. However, as stressed in this discussion, great care 
in a l l  cases be taken in the approximations and assumptions
employed.
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FIGURE CAPTIOUS
Figure 1
axes used to define the angular dislocation U, shown in hold lines.
Construction of a parallelogram-shaped dislocation loop from four angular 
d islocations (I, II5 III, IV) and the axes used in evaluating its energy.
Figure 3.
Aglissile parallelogram-shaped dislocation loop, shown in hold lines, on 
,glide prism of rhombus cross-section hounded by (ill) and (ill) faces.
Figure 1*
Illustrating the range of loop orientations studied. The orientations 
contained in the standard sterographic triangle shown in (a) may also he 
plotted in terms of 6^  and in the triangular plot shown in (h). The 
lines in (a) indicate the orientations of loops of rhombus shape.
contours (continuous lines) and loop paths (broken lines) for loops 
toe glide prism shown in Fig. 3., plotted on the unit triangle defined 
-ig. Results for four sizes of prism, given by a/6 = 50,100,200 and 
are shown in (a), (h), (c) and (d) respectively. The energy of loops 
edge orientation is taken as unity and the energy values associated with 
contours are indicated along the sides of the diagrams, _+ x denoting 
energy of l + O.OOx.
A glissile
1 Slide
parallelogram-shaped dislocation loop, shown in hold lines, on
prism of square cross-section.
Energy contours for loops on the glide prism shown in Fig, 6. Results for 
four sizes of prism, given by a/6 = 50, 100, 200 and i*00 are shown in 
(a), (b),  (c) and (d) respectively. The energy of loops in edge 
orien ta tio n  is taken as unity and the energy values associated with the 
contours are indicated along the sides of the diagrams, _+ x denoting an 
energy of 1 + O.OOx,
le variation of energy with orientation for a rectangular loop on the 
glide prism shown in Fig. 6., for a/6 = 50. The angle of tilt from the 
edge orientation (square loop) is given by \p. The four curves have been 
obtained from the approximate energy expression given by equation 9, (A), 
and three more exact expressions derived using a normal cut (U), a planar 
I cut inside the loop (i) and a planar cut outside the loop (0). The energy 
his in units of yb^ 6/2Tr(l-v).
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